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PEEFACE. 



Tee Ahthoe, in writing this text-book, has eadeavonred to 
meet the waats of both elementary and advanced stadeuta, 
and he believes that it will be found to contain all the de- 
scriptive geometry which is uanally required by engineering 
and architectural draughtsmen. But while making the book 
comprehensive, and illustrating it fully, ifc has not been made 
of an inconvenient size for cse in large classes. 

The treatment of the anbject in this work is slightly 
different from that in any existing books. The problems arc 
stated in a more comprehensive way, and are made to include 
more oasoa than is usual with other writers After the 
stitement of the problem follows the gencial iilution whi h 
19 usually given ■without reference to any parhcnlai example 
Nest comes the application of the problem to one or rooie 
examples In miny cases the student may not fully under 
stand the general solution of a problem until he has worked 
out the examples which illustiate it The advantage of this 
mode of treatment is thit it is more systematic, and enables 
the student to get a more intelligent tnd comprehensive 
giaip of the subject After workmg the examples and 
mastenng the general solution of a problem, the student is 
bettei al le to cope with any fresh examples which may come 
lefoiehim than if be h id learned the subject from examples 
only 
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VI PBEFACE. 

The elementary portion of the subject is treated of in 
Part I., and tiio mote advanced portion in Part II. 

A great want which the anthor has found in existing 
works on descriptive geometry ia that of a suf^Gient number 
of good esercisos properly gradnated ; he has, therefore, been 
at considerable tronble to collect and devise a large number 
of exercises, and he believes that in no other work of the 
kind will there be found guoh a good collection. In this 
matler he would record his indebtedness to the esaminatioa 
papers publishtd by the Science and Art Department, which 
has done bo much to promote the teithing of this and other 
science anbjects thioughont the country. 

In conclnsion the author would hte to impress upon the 
student the neLessitj of working out all the examples and 
exercises on papei w th the drawing lustruments, neatly and 
of full size It iR not enough f jr the student to know how 
a problem is to be sohed he mu'^t actually work it out; 
as veiy otten from the pecuhai position of the points, lines, 
or plants, the result 16 quite different from what be would 
have expected. 

D, A. L. 

Glasgow; K'oie-mber 188a. 
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PEACTIOAL SOLID 
DESCEIPTIVE GEOMETBY. 

PART II. 

CHAPTER X. 

ADDITIOKAL PROBLEMS ON THE STEAIGHT LINE AND PLANE. 



PROBLEM 76. 
To find the angle between a given line and a given plane. 

Determine by Problem 55 tlie projectione o f a line whicli 
will pas3 tlirougii any point, pp', in the given line, and be 
perpendionlar to the given plane. Find the angle between 
these two intersecting linea by Problem 29, The complement 
of this angle is the angle required. 

For let the given line meet the given plane at the point 
q q', and let the perpendicular from pp' to the plane meet the 
latter at the point rr'. Since PR ia perpendionlar to the 
plane, the angle P B Q will be a right angle and Q R will be 
the projection of P Q on the plane. Bnt the inclination of a 
line to a plane is tlie angle between the line and its projec- 
tion on the plane. Therefore the angb P Q R is the angle 
between the given line and plane, and the angle P BQia a 
right angle ; therefore the angle P Q R is the complement of 
the angle Q P R. 
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DESCRIPTIVE GEOMETRY. 



PROBLEM 77. 
To find ilie angle beiwem two given iniersedmg planes. 

Mrd msihod. Determine by Problem 55 tbe pvojectionQ 
of two intersecfcing lines perpendicular to tlie given planes, 
one to eacb. Find by Problem 29 the angle between these 
two perpendicnlara. Tbe supplement of this angle ia the 
angle between the planes. 

aewmd method. Let L'MIT, L'RN, be the given planea. 
Find ZN", the plan of their intersection. Draw ACB at 
right angles to Z N, With 
centre I and radii I C and 
m describe the area C C^ 
and N N 3. Join L'Nj and 
draw Cj P^ perpendicular 
to L'N^. Make Pj eqnal 
to C^Pa. Join Pi A and 
P, B. The angle AP,B 
is the angle between the 
planes L'MTT and L'RN". 

The theory of tbis con. 
strnction is as follows. AB 
is the horizontal trace of a 
plane which ia perpendicular to the line of intersection of 
the given planes. Tbis plane intersects the given planea in 
two lines, A P and B P, the angle between which measures the 
angle between the planes. The lines AP, B P, together with 
A B, form a triangle of which A Pi B is the true form. 

In flg. 114(s the points A and B, where tbe line perpen. 
dicnlar to Z N" meets tbe horizontal traces of the given planes, 
are on opposite aides of I N, but these points may be on the 
same side of that line, in which case the angle between the 
planes is the snpplement of the angle A P, B. In particular 
cases A B may be parallel to either M N" or R N ; in these cases 
the point A or the point B will be at an infinite distance 
from C. 
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ADDITIONAL PROBLEMS OS STRAIGHT LINE AND FLAME. S 



PROBLEM 78. 

To draw the traces of a plinie winch shall malee a given angle 

with a given plane and contain a gimen line in it. 

Let L'MN, fig. 114a,l)etliegiveaplane, andlNtbeplacof 
the line in it which the other plane is to contain. 

Draw A-C perpendiciilar to I'S, meeting tlie latter at C, 
and the horizontal trace of the given plane at A. With 
centre I and radii I C and I N describe the area C C2 and 
NN^. Join L'Wa and draw C^ P^ perpendicnlar to LTfj. 
Make C P, equal to Cj Pj. Join P, A, and make the angle 
A Pj B equal to the given angle. Join ~E B, and produce it 
to meet X Y at R. Join fic. iie. 

L'R. L'R and R H are 
tliG traces of the plane re- 
qnired. 

The theory of this con- 
Bfcrnotion ia similar to that 
of the preceding problem, 
and requires no further 
explanation. 

PROBLEM ?9, 
To draw the traces of a, 

plane which shall make 

a given angle with, 

given plane, <md contain 

a given line not f 

tained by the givenpli 

Let L'M TT be the given plane and A B the given line. 
Tate any two points, A B, in tliia line, and consider them 
to be the vertices of two cones whose bases are m the gnen 
plane, and whose slant sides are inihned to then botits at the 
given angle. 

It is evident that a plane wliich tout-hes these two tones 
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4 DESCEIPTTVE GEOMETEY 

will fnlfll the eonditiona of the required plane. Also a plane 
wliicli toncliea these two conea wiU intersect the given plane 
in a line which will be a tangent to the bases of the conea. 

Eebate the given plane with the circles which are the bases 
of the conea into the horizontal plane. Draw a tangent, 
C] D, to theae circlea when in this positioa. ITow rebafco the 
plane with the tangent upon it back to its former position. 
The plane R'S T, containing the lines A.B and CD, is the 
plane required. 

PROBIiEM 80. 

To H/raw the traces of a platne which shall contam a gwm point, 

hme a given mcUnaUon, wad make a gi^en angle mth a 

given plane. 

Oonceiye a cone having its vortex at the given point, its 
base in the horizontal plane, and its slant side inclined to its 
baao at the angle which the required plane is to make with 
the horizontal plane. Conceive also a second cone having its 
vertex at the given point, its baae in the given plane, and its 
slant side inclined to its base at the angle which the required 
planp is to make with the given plane. 

It ia evident that any plane which touches the first cone 
will have an inclination to the horizontal plane equal to that 
wbich the required plane is to have. Also that any plane 
which touches the second cone will make an angle with the 
given plane equal to that which the required plane is to 
make with it. 

Hence a plane which touches botb of these conea will 
fulfil the conditions of the required plane. 

In fig. 116, vv' is the given point and L'MN the given 
plane, which is assumed to be perpendicular to the vertical 
plane of projection, v' a' V is the elevation of the first cone 
and v'c' d' the elevation o£ the second cone. 

Imagine the surface o£ the second cone to be produced 
until it cuts the horizontal plane. The curve of section 
(called the horizontal trace of the cone) will be a 'conic 
section,' and may be found by Problem 69, Chapter VIII. 
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ADDITIONAL PHOBLEM8 ON STRAIC.HT LINE AND PMNE. 5 

The following construction, whicli is that mentioned on 
p. , 96, Part I., slightly modified, is suitable for finding the hori- 
zontal trace of this second cone. Draw B'S perpendicular to 
■s' v)', the elevation of the axis of the cone, and meeting X Y 
at S, v' w' at %' and 11' d! at/. With a' aa centre and e'f as 
radins describe a circle, and through S draw S Hj perpen- 
dicnlar to R'S to meet this circle at H2. Draw S T perpen- 
dicular to X T to meet the plan of the asis of the cone at T. 




Make T ft and T h each eqaal to S Hj ; A and k will be points 
on the horizontal trace of the cone, In like manner any 
number of points on the curve may be found. 

The cone whose asia is vertical will have for its horizontal 
trace its base, which ia a circle with a diameter equal to a' V. 

The horizontal traces of all planes which tonch the two 
conea will be tangents to the horizontal tracea of these cones. 

If the circle which ia the horizontal trace of the first cone 
fall entirely ontsida the curve which is the trace of the other, 
four tangents can be drawn to the two traces, and four planes 
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6 CESCEIPTIVE GEOMETET. 

can be found wbich will fulfil the given conditions. But if 
the horizontal traces of the cones cat one another, only two 
tangents oan be drawn to them, and in that case only two 
planes ean be found to fulfil the given eonditiona. Again, if 
the horizontal traee of one cone touches the horizontal trace 
of the other internally, only one tangent can be drawn to 
them, and in this case there would only be one piano which 
would fulfil the given conditions. Lastly, if tho trace of 
one cone falls entirely within the trace of the other withont 
touching it the problem is impossible. 

To find the vertical trace of the plane draw v g parallel 
to the horizontal trace, meeting XY at 3. Draw 3 ^'perpen- 
dicular to XT, and through 11' draw v'g" parallel to XT, 
meeting this perpendicular at g'. The line joining g' with 
th p mt h 1 h tal trac f th [ Ian t X T 

th q d t It 

If th 1 tal t f th pi d t m t tb 

gr d Im w th tit th rt 1 t 

m y b f I 1 & 8^ 

Y f If th d pi 1 ■p d 1 to th fi t 

th d will b m 1 [ J d 1 t tb fl t 

ri d th h tit t til ^ 1 pi 11 

p th gh th h tdl tra f tb 1 d t h th 

base of the first cone. 



PROBLEM 81. 

To draw the projedi/ms of a, Tme which ehaU pass through a 
given point, ami meet a given line at a given angle. 
Determine the traces of the plane containing the given 
point (P) and given line (A B). Eebate this plane with the 
point and line upon it into the horizontal plane, as in Chapter 
IX, Lot Pi be the rebated position of the point P, and A, B, 
the rebated position of the line AB. Through P, draw a 
line making with A, Bj an angle equal to iihe given angle. 
Let this line meet the horizontal trace of the plane at C. 
A line joining C with p, the plan of the given point, is the 
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dDDITIONAL PROBLEMS ON STEAIGHT LINE AND PLANE. 7 

plan of the line required, and if C c' be drawn perpendicular to 
X r to meet the latter at t', c' y' will be the elevation required. 

If tbe line Pj C does not meet the horizontal trace of the 
plane containing the point P and the line A B within a con- 
venient distance, through the point D, where P[ C meets 
A| B,, draw aline perpendicular to the horizontal trace of the 
plane to meet a 6 at (?. Draw A d' perpendicular to X T to 
meet a' h' at d' ; p d, p' d' are the projections of the line 
required. 

If the given angle be an angle of 0°, 90° or 180°, only one 
line can fulfil the given conditions, but for any other angle 
there will be two lines. 

PROBLEM 82. 
To Jind tJie traces of a plane which shall contcdn a given line 

(A B) and malce a given angle with another line (C D). 

Determine the projections of a line, EF, which shall be 
parallel to C D and meet A B at any point, E, in it. 

Tate E as the vertex and B P as the axis of a cone, whose 
slant side is inclined to its axis at an angle equal to the given 
angle. Find, as in Problem 80, the horizontal trace of this 
cone. A tangent from the horiaontal trace of A B to the 
horizontal trace of the cone will be the horizontal trace 
of the plane required. Having got the horizontal trace of 
the plane, its vertical trace can easily be found, since the 
plane is to contain the line AB. 

If the horizontal trace of AB fall outside the curve 
which is tbe horizontal trace of the cone, there will be two 
solutions of the problem ; if it fall on tbe cnrve there will 
be one solution only, and if it fall inside the curve there can 
be no solution. 

PROBLEM 83. 
To draw the traces of two planes whieh shall be perpendicular 

to one another amd have given ineUnaUons. 

Draw the horizontal trace of one plane at any angle to 
XT (preferably a right angle), and determine the vertical 
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8 DESCRIPTIVE GEOMETRY, 

trace by Problem 34. Take any point, P, in this plane (pre- 
ferably in its vertical trace), and determine by Problem 55 a 
line to paaa through ic and be perpendicular to the plane. 
Find Q, the horizontal trace of this line. Determine alao a 
cone having its vertex at P, its base in the horizontal plane, 
and ita slant side inclined at the angl wh 1 th nd ] lane 

is to make with the horizontal pla A Iin th h Q to 

touch the base of the cone will be th b tal t f the 

second plane. The vertical trace ± th j la ly f nnd 

from the condition that the plane t t n the Im P Q. 



PFOBLtM S4 

To d o the frac s J- t} jl s el } e e 1 }e p 
didular to the other t oo ha J g e tJe i cl atw f 
two oflJepJa es 

Deteimme by the preced ng problem the t "ices ot the 
two planes whose ncl n t na a e g ven Ifext determine 
the Ime of nteraeet of thosa two i lanes The ihi d pkne 
will be I erpen 1 c lai t tb s, hue ta tiaces may therefore be 
determined by Problem 56, 



PEOBLEM 85. 

Given the plan of three iiderseetmg lines whieh are each per- 

^endicidar to ihe oiAai' tvio, to deisrmms <m elevation of 

th^. 

Let od, oh, oc be the plana of three lines which are 
mutually perpendicular. 

It is evident that each line will be perpendicnlar to the 
plane containing the other two, and therefore that the plan of 
each will be perpendicular to the horiaontal trace of the plane 
of the other two. Also tbe horizontal traces of the planes 
containing each pair of lines will pass through the horizontal 
traces of these lines. 

It is clear that tbe form of any elevation of the lines will 
not be affected by the position of the homontal plane of pro- 
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ADDITIONAL PE0BLEM8 ON STRAIGHT LINE AND PLANE. 9 

jeetion, so that we may take it at any level. Hence we may 

take any line, ai, perpendicular to oo as the horizontal traca 

o£ tlie plane containing ^^^ j^ 

the lines A and BO. 

Then a perpendicular 

from 6 to a to meet 

at c -will be the hori- 

Bouial trace of the plane 

containing B O and 

C ; and ac will be the 

horizontal trace of the 

plane of A and C 0. 

Produce c o to meet 
ft 6 atrf, and consider d 
as the plan of a line 
lying in the planeAOB. 
Since CO is perpen- 
dicular to the plane 
A OB, the angle COD 
will be a right angle. 

Conceive the triangle C D to revolve about C I) until it 
comea into the horiaontal plane. The point will describe 
an arc of a circle whose plan will be a line perpendicular to 
cA, and the point will, when bronght into the horizontal 
plane, occupy such a position on this line that lines drawn 
from it to C and D will be at right angles to one another. 

Hence on cd describe a semicircle to cut the line oO, 
perpendicnlar to C(i at Oi. oOi will be the distance of the 
point from the horizontal plane containing the points A, B, 
and C. Having got this distance, any elevation whatever of 
the lines can be drawn. In the figure an elevation is shown 
on a ground line, X T. 
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DESCRIPTIVE GEOMETRY. 



PROBLEM 86. 
To detemiine the projeet'wns of fwo lines wMch shall pass 

through two given points, meet on a given plane, inahe 

equal (mgles with that plane, and lie in a plane perpen- 

diculax to it. 
Or, to find a point on a gioenplane mch that the ewm of its 

distcMices from two given points akall he the least possible. 

Let P and Q be the given points and L'M N the given 
plane- Determine the projections of a line to pass through 
Q and be perpendicttlar to the plane, meeting the latter at R. 
Determine the projections of a point, S, in Q R produced, 
sneh that B S is equal to Q R. Joints, p' s', and find 1 1', the 
point where the line P S meets the given plane. 

The "lines P T and Q T will lie in a plane perpendicnlar to 
the given pTaae and make eqnal angles with it. Also the 
sum of the distances of the point T from the points P and Q 
will be the least possible for any point in the given plane. 

PROBLEM 87. 
To determine a Une which shall pass through a given point and 
meet two given lines. 
Lot P be the ^ven point and A B and C D the given lines. 




JVraf tnethod. Determine the traces of tie plane eon- 
point F and the line A B ; also the traces of the 
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ADDITIONAL PROBLEMS ON STRAIGHT LIKE AND PLANE. 11 

plane containing P and C D. Tiieline of interBection of these 
two planes is the line required. 

Second Tnethod. Determine the projeetiona of two lines, 
PEL and PMK, intersecting AB at the points K and M. 
Let these linos meet the vertical plane containing C D at the 
points L and N. The line L K" will be the intersection of the 
plane containing P and A B with the vertical plane contain- 
ing D. Let L N meet C D at Q. P Q is the line required. 



PROBLEM 88. 

Given two steaigU limes not contained hy the same ^lane, to 
determine the sJiortest distance between them and the pro- 
jections of their common perpenditnilar. 
Iiet A B and D be the given lines. Determine by 
Problem 52 the traces ^M, MW of a plane which shall con- 
tain one of the given lines, say C D, and be parallel to the 
other. Take any point, P, in A B, and draw the projections 
of a line, P Q, which shall be perpendicular to the plane L'll N, 
and meet it at the point Q. The length of P Q ia tho 
shortest distance between the given lines A B and C J). 

Determine the projections of a line parallel to A B and 
passing throngh Q (this line will lie in the plane L'M N). 
Let this line meet C D at tho point R. Determine the pro- 
jections of a line parallel to P Q, passing through R and 
meeting A B at S. The line R S ia the common perpen- 
dicular to A B and C D. 

PROBLETtI 89. 

To determme the eewire and radi%s of a sphere the swrfaee of 

which shall contain fow given -points. 

Note. No three of the points must be in the same straight 
line, and if all four lie in the same plane they must lie on 
the circumference of a circle. In the latter case the problem 
ia indeterminate, as any number of spheres can be found on 
the surface of which the points will lie. 
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12 DESCeiFTIVE GEOMETRY. 

Let A, B, 0, and D be the givoa points. Determine by 
Problem 56 a plane bisecting the line A B at right angles. 
Since every point in this plane is equidistant from the points 
A and B it must coutain the centre of the sphere. In like 
manner the ceutro of the sphere mast lie in the planes 
biaecting D and C D at right angles. Therefore the point 
of intersection of thcee planea mnst be the centre required, 
and the distance of this point from any one of the given 
points vrill be the radins of the sphere. 

As there are four given points, six lines can be got by 
joining them, and the point of intersection of three planes 
bisecting at right angles aw/ three of these six lines not lymg 
m the same plane will be the centre of the sphere. 

EZERCISES. 

1. Explain wliat is meant by the angle between a lino and 
a plane, and the angle between two planes. How are these 
angles measured ? What is the name ^ven to the angle 
between two planes ? 

2. The vertical and horizontal traces of a plane make 
angles of SO" and 20° respectively with XI A honzont 1 
line has its plan inclined at 50° to the hoi zontal trace 
Determine the angle between the line and tl o j Hue 

3. Find the angle between XT and the jlane given in 
the preceding exercise. 

4 On X r fake two points, ME, 2|" apart. Make an angle 
EML' equal to 60° and MBL' eqna! to iO". L'M is the 
vertical trace of a plane whose horizontal trace ia parallel to 
L'R, and L'B is the vertical trace of a plane whose horizontal 
trace is parallel to L'M, Determine (a) the angle between 
these two planes ; (6) the traces of the plane bisecting the 
angle between these planes. 

5. Two planes are inclined at 50° and 66° ; their inter- 
section is inclined at 40°. Determine tho angle between 

6. Draw a triangle, a 6 o (a & = 2^', bc = 1|", ca = 3^ "). 
«&is the plan of a line lying in a plane having «c for its 
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ADDITIONAL PROBLEMS ON STRAIGHT LINE AND PLANE. 13 

horizontal trace, h c being on the ground liae. The elevation 
of ABmakes an angle o£ 45° with the ground line. Draw 
the traces of a plane to contain A B, and make an angle of 75° 
■with the first plane. 

7. A vertical line has its horizontal trace at a point on the 
horizontal trace of a plane which is inclined at 50°. Deter- 
mine the traces of a plane which shall contain the line and 
make an angle of 70° with the plane. 

8. The plan of a horizontal line makes an angle of 3-5° 
with the horizontal trace of a plane inclined at 40°. The line 
is 1'5" above the horizontal plane. Show the traces of a 
plane to contain this line and make an angle of 60° with the 
plane. 

9. Bsplain briefly how you would solve Problem 80 if the 
given point were in the given plane. 

10. Represent by its traces a plane perpendicular to the 
vertical plane and inclined at 40° to the horizontal plane ; 
also a plane making an angle of 70° with this plane, and 
inclined at 75° to the horizontal plane. 

11. Referring to fig. 103 (Pai^i I.), determine the projec- 
tions of the lines passing through the point pp', and meetuig 
the line ab, a'b' at angles of 60°, 

12. The vertical and horizontal traces of a plane make 
angles of 35° and 30° respectively with XT. A line, A B, 
lying in this plane has its plan inclined at 30° to X Y. De- 
termine the projections of a line lying in this plane and 
making an angle of 35° with A B. 

13. Determine a hne inclined at 33°, lying in a plane 
inclined at 50°. This is the orthographic projection on that 
plane of a Hoe which makes an angle of 40° with it. Deter- 
mine the plan of this latter line and its inclination. 

14. Referring to fig. 103 (Part I.), through p' draw p'q' 
perpendicular to a'b', and through p draw p q perpendicular 
to o h. Determine the traces of a plane containing the line 
P Q and making with AB an angle of 15°. 

15. Determine the traces of a plane which shall contain 
the point P (fig, 103), make an angle of 20° with A B, and 
have an inclination of 80° to the horizontal plane. 
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16. Two plaaea at right angles to one another are inclined 
at 60° and 60°. Represent them by their traces. 

17. Determine the traces o£ fcbree planes which are 
mutnany at right angles, two of them being inclined at 36° 
and 70° respectively. 

18. The traces of a plane hotli make 45° with X Y. Draw 
the traces of a second plane inclined at 60° to the horizontal 
piano and perpendicular to the first. 

19. a, 6, c are the plans of three lines which form a 
solid right angle ; the angle boa is 130° and the angle aoo 
125°. Draw an elevation of them on a ground line making 
an angle of 76° with o a. 

20. Each of three lines meeting in a point, O, is perpen- 
dicular to the plane containing the other two ; two of them 
are inclined at 30°, 45°. Sfaow them by a, plan and an eleva- 
tion when is 3" above the paper and in the plane of the 
elevation. 

21. L'M, the vertical trace of a plane, makes with XT 
the angle L'M T = 42°, and the horiaontal trace M TS makea 
with X Y the angle N M T = 32°. A. point. A, is 1'5" in front 
of the V.P. and 175" above the H.P. Another point, B, is 2" 
in front of the V.P. and 1-6" above the H.P. The line a a' 
cuts XY at a point 1" from M measured towards Y, and the 
line & h' cuts X Y at a point 2'5" from M measured towards 
Y. Determine the projections of the lines which will pass 
through A and B, meet on the plane L'M N", and raiike equal 
angles with the plane. 

22. A line making an angle of 35° with X T and meeting 
it at the point M is both horizontal and vertical trace of a 
plane. A point, A, has its plan 2^" below and its elevation 1" 
above XT, aa! passing through the pointM. Another point, 
B, has its plan and elevation coinciding at a point 1" below 
X T and 1-|" from the line a a'. Through the points A and 
B draw linos to meet on the plane and make equal angles 
with it. 

23. Two lines are inclined at 30° and 40° ; they are 2" 
apart where they are nearest to one another, and this line of 
2" is inclined at 28°. Show plan and elevation. 
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24. Aline, A B, meetsXTat A. The angle 6'AT= 70°, 
and the angle J A Y = 30", A second line, D, meets X Y 
at 0. The angle d'C Y = 60°, and the angle dCY= 70°. 
Show the projectioBB of tbe eomraon perpendicular to A B 
and D, and find its length. JIake A 0=3". 

26. State in words how yon wouid solve tie following 
problem. Given the projections of two straight lines and the 
traces of a plane : to draw the projections of a line to inter- 
sect each of the given lines and bo perpendicular to the given 
pkne. 

26. Determine tbe projections of the sphere on the surface 
of which the f oUowingfour points are sitnated : — A ^" in front 
of the V.P. and 2i" above the H.P. ; B 2" in front of the V.P. 
and 2" above the H.P. ; C 2|" in front of the V.P., aud i" 
above the H.P. ; D li" infrontof theV.P. and 3;^" above the 
H.P. The feet o£ the perpendiculars from h, c, and d on X T 
are at distances 2'', f", and ^" respectively from the foot of 
the perpendicular fi'om a on XT, all meaaured in the same 
direction. 

27. The plans of two lines contain an angle of 110°. 
The lines themselves are at right angles, and one of them is 
inclined at 27°, What is the inclination of the other ? 



CHAPTER XI. 

S OF SOLIDS. 



PROBLEM SO. 

To draw the projections of a solid, having given the indinalions 

of (me face, and of a Une in that face. 

The general solution of this problem is well illustrated by 
Example 3. Examples 1 aud 2 are simple, and for their 
solution do not require the whole of the construction required 
for the general case. 



y Google 



16 



DESCRIPTIVE GEOMETRY. 



EsAMPLE 1. A right prism 2" long has a square o/lj" side 
for its base. To draw a plan of this solid when the base is in. 
dined at 50°, and one side of this base is inclined at 20°, 

First draw by Problem 71 the plan ahed, aad elevation 
a'b'c'd' of tie square of 1^" side, which is the base of the 
prism, wheti its plane is inclined at S0° and cue aide at 20°. 
Prom a', V, a', and d' draw linos a'e', Vf, c'g', d'h', 2" long, 
perpendicular to L'M ; these Uow will be the elevations of the 
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long edges of the pnsm I" n the po nts e',f', g', h' draw per- 
pendiculars to X Y to meet 1 aes throTigh a, h, e, aad d parallel 
to X Y. efg h w 11 be the pla of the upper end of the 
prism, and ahc I will be tl e plan of the lower end, while 
the lines ae, bf cj II will be tl e plans of the long edges. 

ExAMpLS 2. A sqae jj ml side of base 1^", altitude 
I5'', has its hose ineUned at 60°, and one side of that base in- 
clined at 30°. To draw its projections. 

As in Example 1, first determine by Problem 71 the plan 
ab od, and elevation a'b'c'd' of the square which is the base of 
the pyramid when ite piano is inclined at 60°, and one side at 
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30°. "Sesi, defcermine the projections pp' of the foot of the per- 
pendicular from the vertex of the pyramid, on to ita base. The 
foot of this perpBHdicular will in this case be at the centre of 
the base. 

Through j/ draw jj'd' 1^" long and perpendicular to L'M. 
From v' draw v'v perpendicular to X Y to meet p v parallel to 




X T at « ; joio v with a, b, c, and d ; this completes the plan of 
the pyramid, and if v' be joined with a', I', a', and A', this will 
complete ao elevation. 

Of coarse from this plan and eleyation any number of 
elevations may be drawn. 

EsAMPLB 3. To drav! the plan of a rigM hemagonal prism 
wheal ona reetmigvlar face is mclined at 60°, and a long side of 
that face is mcMned <d 30°. Length ofpHsrn 2", hose 1" eids. 

As in the preceding examples, determine by Problem 71 
the projections abed, a'h'o'd' of the rectangular face when its 
plane is inclined at 60°, and one long side at 30°. 
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AiBiC|Di is the rectangular face brought into the hori- 
zontal plane by turning its plane about its horizontal trace. 

From the hesagone//,' complete the plan 6,3, of the prism 
when resting with its face A B C D on the horizontal plane. 




From e, draw Bj e^' perpendicular to X T. With M as centre 
and Mbj' as radius, describe the arc e^'cj to meet L'M at e^. 

Draw 63' e' perpendicular to L'M, and equal to the distance 
of e/ from Xj Tj. Frome' draw e'e perpendicular to X Y to 
meet a line through Gj parallel to XT at e. 

Proceeding with all the angular poiuta of the prism as 
jnst explained for the point E, the required plan is obtained. 
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PROBLEM 91. 



To ih-aw (he projections of a solid having given the mclinations 

of two mtersecting lines conneoled with it. 

Determine by Problam bO the plane containing the lines 
whose inclinations are given Bring this plane with tbe lines 
upon it into tbe horizontal plane by turning it about ita hori- 
zontal trace. On these hues thus biought into tbe horizontal 
plane complete the plan of the 6ohd, and proceed exactly as 
in Problem 90. 

PROBLEM 92. 

Given the heights of three joints in a solid : to draw its pro- 

jections. 

Determine by Problem 74 the plane containing the three 
points, whose heights are given. Bring this plane with the 
points upon ifc into the horizontal plane by tarning it about 
its horizontal trace. About thase points thus brought into 
the horizontal plane complete the plan of the solid, and pro- 
ceed exactly as in Problem 90. 

PROBLEM 93. 

Given the inclinations of ike hose, and one face of a soUd, the base 

and the face heing at right angles to one wnother : to d/ra/m its 

projections 

First determine L'MN, the plane of the base of the solid, 
M at, the horizontal trace, being perpendicular to X T 

Nest determine by Problem 80 a plane, L'PN, perpen- 
dicular to the plane I/M W, and inclined at an angle equal to 
the inclination of the hce, which is given. 

Knd LN, the line of intersection of these two planes. 
Now bring the plane L'M N with tbe line LN npon it into 
the horizontal plane. On the line thus brought into the 
horizontal plane construct the figure, which, is the base of 
the solid, and complete the construction exactly as in Problem 
DO. 
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PBOBLEM 94. 



Given the imlinaiionB of two faces of a soUAwhiek wrenot ai right 

angles to one wnoiher: to draw the pryeetions of the solid. 

Denote tte faces whose incliEations are given by A and 
E, A denoting the base if one of the two faces is the base. 

Determine the plane L'MiN" of the face A, the horizontal 
trace MN" being perpendicnlar to XY. 

Next determine by Problem 80 a plane, L'P N, having an 
inclination equal to that of the face B, and making with the 
plane L'MN an angle equal to the angle between the faces A 
andB. 

Find the intersection, L N, of these two planes. Now 
bring the plane L'M N, with the line L N npon it, into the 
horizontal plane by turning it about its horizontal trace, M N. 

On the line thus brought into the horizontal place con. 
struct the figure which forms the face A; that side of the 
face A which is adjacent to the face B being made to coincide 
with the line. The remainder of the constrnction is exactly 
the same as in Problem 90, 

EXERCISES. 

1. The plane oEonefece of acubeof 2'75" edge is inclined 
at 50°, and one edge in that plane ia inclined at 25°. Draw 
the plan of the solid, and an elevation on a vertical plane 
parallel to a diagonal of the cube, 

2. Draw the plan o£ a square pyramid (base 225" side, 
axis 3") when its base is inclined at 45° and one edge of that 
base at 30°. 

3. Draw the plan of a square pyramid — side of base 2", 
axis 2^" — when the plane of its base is inclined at 40° and 
one diagonal of that base is inclined at 30°. What is the 
inclination of the other diagonal ? 

4. Draw the plan of a cube when the plane containing 
two of its diagonals is inclined at 30° and one of these 
diagonals is inclined at 20°. Edge of cube 2", 

5. A right pyramid 3" high has for its base a regular 
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pentagon whose diagonal, A C, ia 2'5''. This base is inclined at 
50°; and A C is inclined at 30°. Draw the plan of thesoJid, and 
determine the horizontal trace and inclination of tLe face V A B. 

6. Draw the plan of an octahedron of 2' 5" edge when the 
plane containing two diagonals is inclined at 50° and one of 
them at 35°. 

7. A right prism has for its ends equilateral triangles of 2" 
Bide and is 3" long. Draw the plan of the prism when one of 
its sides is inclined a,t 40° and a long edge of that side at 20°. 

8. Draw the plan of a pentagonal pyramid when one of its 
triangular faces is inclined at 60° and one long edge of that 
face is inclined at 50°. Side of base 1'25", axis 2-5". 

9. The plane containing one edge of a tetrahedron and 
bisecting another ia inclined at 50°, and the former edge is 
inclined at 30°. Draw the plan of the solid, the edge being 3". 

10. The two ends of one edge of a cube are 1-8" and 2-4i" 
respectively above the H.P., and a face containing that edge is 
inclined at 70°. Draw the plan of the solid. Edge 25". 

11. A square prism (side of base 2", height 2^") has the 
diagonals of its base inclined at 30° and 4i5°. Draw its plan. 

12. A prism whose length ia 8" has a hexagonal base of 
1'5" side. Draw a plan of this solid when two adjacent sides 
of the base are inclined at 30° and 20°, and an eleratiou on 
a vertical plane parallel to that aide of the base whioh is 
inclined at 30°. 

13. The base of a right pyramid is a pentagon of 1-5" side, 
and the axis of the solid is 3" long ; draw its plan when two 
adjacent sides of the base are inclined at 20° and 35°, 

14. A right hexagonal pyramid has two of the diagonals 
of its base inclined at 20° and 30° ; draw its plan. Side of 
base 1'5", axis 2'5". 

15. An octahedron of 3" edge has two of its diagonals 
inclined at 30° and 37°. Draw its plan. 

16. Draw the plan of a cube of 2" edge when two of its 
diagonals are inclined at 25° and 35°. 

17. One diagonal of an octahedron of 3" edge is inclined 
at 30°, and an adjacent edge of the solid at 40°. Draw its plan. 

18. Draw the plan of a pentagonal prism when one edge of 
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the base is inclinecl at 25° and an adjacent long edge of the solid is 
inclined at 50°. Side of pentagon 1*25". Length of prism 2-6". 

19. A tetrahedron of 3" edge stands with one corner oo 
the horizontal plane, so that the plans of two edges which 
meet at that comer are 1"9" aod 1'5" respeotively. Draw the 
plan of the solid. 

20. A square of 2'5" side has three corners at 1-7", 2-4", 
and 3'8" respectively above the horiaontal plane. This is 
tbe base of a right pyramid whose axis is 325". Draw the 
plan of the solid. 

21. A cnbo of 2*5" edge has the planes of two of its faces 
inclined at 50° and 70°. Represent it by a plan and an 
elevation on a plane parallel to a diagonal o£ the solid. 

22. A prism 3" long has an equilateral triangle of 2'3" 
side for its base ; draw its plan and an elevation of it when 
the planes of its base and of one face are equally inclined at 
60° to the H.P. 

23. The plane of one face of a regular tetrahedron (edge 
2'-5") is vertical, that of another face is inclined at 50° to the 
H.P. Show the solid by a plan and elevation, 

24. A right pyramid, having a regular pentagonal base of 
1" side and a height of 2", lies with the base and one face 
inclined at 50°, Draw its plan. 

25. Draw a rectangle, a & c (^ {ah = cd=3^"; hc = da 
= If") ; a b and cd aro the plans of the diagonals of two 

f a cube, b c and d a are the plans of two 
e the plan of the cabe. 



CHAPTER XII. 

(SOMETRIC PBOJECTIOW. 



As the projection of a line only shows its true length when 
the line is parallel to the plane of projection, it is general in 
making ' working ' drawings of an object to arrange the latter 
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SO that as many of its lines as possible are parallel to at least 
one of the co-ordinate planes. The object ia then in a ' simple 

Now the stndent will have observed, in working the 
problems in Chapter III. on the projection of solids in simple 
positions, that the plan or elevation taken separately gave tt 
very incomplete idea of the form of the object represented. 
But on coming to Chapter IV. he would notice that when the 
solid was tnrned over, so that its faces were inclined to the 
plane of projection, a single projection then gave a very fair 
idea of the form of the solid. Thus in fig. 51 the elevation «)' 
shows very well that the soHd represented is a square prism. 

In like manner if we were to draw the plan of a house, 
supposing the latter to be, say, hung up by one corner, this 
plan would give a better idea of the form of the house than a 
simple plan and elevation when it was standing on the ground 
with one face parallel to the vertical plane of projection. 

Snch a drawing would apparently be open to the following 
objections : (1) If some simple rule cannot be given for 
finding the true lengths of the lines by direct measurement 
from the drawing, the latter would be. useless as a ' working ' 
drawing, unless the length of each line were marked in 
figures on the drawing. (2) IE the only method of making 
it was by the rules of Chapter IT. its execution would be too 
laborious. 

The object of this chapter is to show how these difficulties 
may be overcome. 

The lengths of the plans of all lines which are inclined at 
the same angle to the horizontal plane will bear the same 
ratio to the true lengths of these lines. Thus all lines which 
are inclined at 60° will have their plama exactly half the true 
lengths of the lines. 

Now, as most objects of which working drawings have to 
be made have their principal lines parallel to three directions 
which are mutually perpendicular, it is evident that such 
object* may be so placed that their lines will be equally 
inclined to the horizontal plane of projection, and therefore 
their plans will bear the same ratio to their true lengths, and 
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tberefore the Imes may be meastired directly in the plan by a 
suitable scale ; thus the first difBculty is removed. 

When three lines, whioh are mutually perpendicular, are 
equally inclined to the hovizonta! plane, their plans will make 
120° with one another. If therefore the lines of a solid are 
parallel to three lines which are perpendicnlar to one another, 
their plans will be parallel to three lines or axes which make 
120° with one another. From this it is clear that the second 
difBcnlty ia also removed. 

When a solid is projected as above, the projection is said 
to be IBoftietrie. 

PROBLEM 95. 

To comtrmt an isometric soale. 

Let oa,oh, and o c be the plana of three lines meeting at 
O, which are mutually perpendicular ; it ia required to find 
the ratio of A to o a. 

Draw a h perpendicular to o e. On a 6, as diameter, de- 
scribe a semicircle cutting o c at Oi. Oi a is the true length 
of the line of which o tt ia the plan. The truth of this con- 





struction will he evident if the student refers to Problem 85 
on the projection of a solid right angle. 

It is evident that the angle aO^o ia 45°, and that the 
angle 0,o;o is 15°. Hence the following <jpnstruction for 
drawing an isometric scale. 
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Draw an ordinary scale, A B (fig. 123). At A make tlie 
angle B A C = 15°, and at B make the angle A B C = 45°, 
Throngli fcfce divisions of the scale A B, draw lines parallel to 
B C to meet AC. AC will be the required isometric scale. 

If ad and 0,d (fig. 122) bo denoted by 1, 0,11 will be 

denoted by -^2, and oa by ~-p;i therefore 



V3 
Hence the true length of a line is to its isometric projection 
aa VS is to VS. 

PROBLEM 96. 
To draw the isometrie projecHon of a rectangular solid. 

Example. A rectamgvUar prism S" long, 2^" broad, and 1" 
ihiak, with a panel in the centre of one of its larger faces 2" 
long, 1^" broad, awi7 ^" de^. 

Fig. 124 shows how to proceed in practice. If one o( 
the iaometrie axes be taken perpendicular to the edge of the 
T-square as shown, then the others will make 30° with that 
edge. Hence all lines may be drawn with the 30° set-sqnare. 
The lines a, e, hf, &c., are drawn at right angles to the edge 
of the X-sqiia^e with the right angle of the aet-sqaare, while 
ab, be, &c., are drawn with the acnte angle oi the aeu-sqaare 
as shown. 

The dimensions of the prism are marked off along the 
lines which make 30° or 90° with the edge of the X-square, 
Thus aB = 3", ad^=2Y', and ae=l", measured from, the 
isometric scale. 

If we mark off a & = 3", ad =^2^", and ae= 1" from cm 
ordinary scale, the projection wonld be of the correct propor- 
tion, but wonld be that of a solid larger than the real one in. 
the ratio of \/3 : •/% In practice the latter method is pre- 
ferred, since the lines on the drawing can be measured with an 
ordinary drawing scale. 

The upper edges of the panel will be parallel to tlie edges 
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:, and tlie edge nearest to & c -will be ^" from it, 
re a, direction parallel to ah; in like manner the 




edge nearest to a 6 will be y from the latter tneaswed m a 
direction parallel to be. Haying got the directions of two 
edges of the panel, its projection may be completed in the 
same way as the projection of the prism in which it is cnt. 



PROBLEM i 



To delermme the isomeiric pj-ojecUon of an object wMeh is not 

efi^Urely rectangular. 

Strictly speaking aa object which is not rectangular, or 
rather which has not each of its lines parallel to some one of 
three directions, cannot have an isometric projection, because 
euoh a solid cannot be placed so that all its lines are equally 
inclined to the plane of projection. A triangular prism, for 
instance, cannot, strictly speaking, have an isometric projec- 
tion. Now an object may only be in part rectangular. This 
part may be drawn as in the preceding problem, and we 
have now to show how the projection of the object may be 
completed so as to show the non- rectangular part. 

Example 1. A mhe of 2" edge has its top edges bevelled off 
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ai an imgle of 80°, so that the to^face becomes 1" sqiiare. To 
draw its isometric projection. 

We first draw tte complete cube "by the preceding jB^)blem 
as shown in fig. 125, the top part being dotted. 





In the centre of the projection of the upper face we then 
pluice the projection of the square of 1" side. 

The sloping faces will meet the vertical faces of the cube 
in horizontal lines, whose distance from the top or bottom of 
the cube will be got from the elevation of it in fig, 126. In 




fig. 125 ah is made equal to a' h' in fig. 126. The rest of the 
constmction will be evident from an inspection of the figure. 

Example 2, Sb draw the isometric projection of a right 
heieagonal priMi ; side of base 1", lem-gih 2", 

The hexagonal prism may be divided into two triangular 
prisma and a rectangular prism. Fig. 128 shows the base of 
the hexagonal prism, the rectangle a, (i| is the base of the 



y Google 



28 DESCRIPTIVE GEOMETRY. 

rectangular prism just mentioned, and tEe triangles &[ ci dt, 
a, Gi /,, are the bases of the triangular prisms. We first 
draw tbe isometric projection ad hi o£ tie rectangular prism. 
Through the middle points n,m oi ae and 6 d draw/c, and 
make mess ■m, 0, and n/^Wi/i. Join he, ad, ef, and /ct. 
Draw cp parallel to b h, and hp parallel to h c, and joinpfc. 
Draw fq parallel to ag, and gq parallel to af, and join ql. 
This will complete the isometric projection of the prism. Bnt 
it must be remembered that it ia only those lines which are 
parallel to an isometric axis, such as a b,fc, bd, orb h, which 
are isometrioally projected, and which can be measured with 
an isometric or with an ordinary scale. Thus 6 c is not eq.ual 
to a 6, although the lines of which thoy are the projections 
are really equal 

Example S Pig 12*^ is the isomctiio projection of the 
comer of an Oxford fra ne This thu student should draw 




full size to the dimensions mirkcd on the fi 
must be copied from the J/gure Only those Imea which are 
seen need be shown The dotted Imes -ue consfcmction lines. 
The student will notice that the ohject is made up of portions 
of rectangular prisms which intersect each other at right 
angles, and that portions of the edges of these are bevelled off 
like the cube in Example 1. 
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To d/raw the projection of a mtmed line o 
which is 



the mrfaoe of a solid 



"We will illustrate this Problem by the following example. 

Example. A cube of 2" edge has a circle imeribed in each 
of three of its faces ; to draw its isometric projection. 

The isomefcric projection of the cube may be first drawn. 
Then to draw the projection of any of the circles, which we 
taow will be an ellipse, we may proceed in one or other 
of two ways. Eirst, we may determine the projections of a 
nnmber of points on the circle, and then draw a fair curve 
through them. Second, we may determine the axes of the 
ellipse, and then draw the curve by any of the rules for draw- 
ing ellipses. 

Taking the first method, wo first draw a square, fig. 130, 
equal to one face of the cube, and on this draw a number of 
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lines pa,rallel to one side of the square to cut the inscribed 
circle as shown. Also draw a line through the centre at 
right angles to these lines. We then determine the isometric 
projeotion of these lines as shown in fig. 131, which shows 
this method applied to two of the circles. The rest of the 
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conetruction is that the distauoea a p, hq, er, &c., in fig. 131, 
aremadeequaltonjpi, 615,, Cj i-j, &c., respectively, in fig. 130, 
then a fair curve drawn through the points ^qr, &c., de- 
termines the required elHpse. 

If an isometric scale is nsed, the distances in fig. 131 will 
be measured with that scale, while those in fig. 130 will be 
measured with an ordinary scale. 

No isometric scale has been used in any of the figures of 
this chapter. 

Taking the second method which ia shown applied to the 
third circle, the axes of the ellipse lie on the diagonals of the 
projection of the face of the cube. And if an isometric scale 
is used, the major axis m.n.will be equal to the diameter of the 
circle, and the minor axis h I will be to the major asjs as 
iV3 : 1, i.e. as 1 ; ^/3. 

A diameter of the ellipse parallel to an isometric axis is 
called an ismnetrio diameter, the half of an isometric diameter 
being an isomebia radnts. 

An isometric diameter of the ellipse is to its major asia as 
the s/2 : VS. 

Hence we have the proportion : — 
Major axis : isometric diameter: minor axis:: \/3 : -/2 : 1 

Stating this in another way: If the major axis be denoted 
by 1, the isometric diameter will be denoted by ^-/(i and the 
minor axis by ^V^. 

Extracting the square root to three places of decimals, 
these expressions become 1, "S16 and '57? respectively. 

The above proportion is true whether an isometric scale 
is usod or not. 

If an isometric scale is not nsed, then the major axis of the 
ellipse will be greater than the diameter of the circle, and the ratio 
of the one to the other will be as n/3 : v/S, or as ^s/6 : 1. 

Denoting the diameter of the circle by 1, the major axis is 
denoted by 5V6, the isometric diameter by 1, and the minor 
axis by ^>/2. Extracting the square root, these numbers 
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become, correct to three places of decimala 1, 1-224, 1 and 
"707 respectively 

In AxomeMe Projeeii n> the thiee princip-il hues or axes of 
a rectangnlar solid aie not equally intlined to the plsme of 
projection, and although all those bnes -which ire parallel to 
one axis ha-re their prajections dra-wn to the same scale, those 
which are parallel to anothei axis -will have tbeir projections 
drawn to a different scale Thns m the axometiic projection 
of a rectangular box one scalowonl 1 be lequired for measuring 
ita length, another for its bieadth, and j, thud foi its depth. 
These three axometric scales aie determined m a manner 
similar to that for the isometiic scale «hown in figs 122 and 
123. 0£ course tbe angloa at A and B, tig 123, -will not 
necessarily be 15° and 4j°, but must be found by the con- 
struction shown in flg. 122, i e the angle at A fig 123 must 
be made equal to the angle 0, ao, fig 122, and the aagle B 
equal to the angJe aO,o. 

It will be observed that isometric projection is juat a par- 
ticular case of axometric projection. 



EXEECISES. 

1. Sii right square prisms IJ" long have their bases 
coinciding with the faces of a cube of f " edge. Draw the 
isometric projection of the solid formed. 

2. On each face of a cube of 1" edge stands an eqnal 
cube. Mate an isometfic yiew of the solid formed hy these 
se-7ea equal cubes. An isometric scale is not to be used. 

3. A box without a lid has tbe following dimensions out- 
side — length 6", breadth 4", depth 2^". The sides and 
bottom are ^" thick. Draw an isometrio view of the box. 

4. Draw an isometrio projection of the steps given in fig. 
57, p. 46, Part I. 

5. A sketch with dimensions is given of the pieces for a 
mortice and tenon joint in woodwork (fig. 132). Draw an 
isometric projection of these pieces. Scale ^. 
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6. A wooden bos has the following dimensions ontside 
hen the hd is shut— length 12", breadth 8", depth 5". The 



depth of the lid ontside i 
there is a tray of the si 



la the interior of the box 
1 and breadth as the inside of 
the box, and having a total 
depth of 1", its upper snrfaoe 
being ^" above the top edge 
of the box. This tray is 
divided into sis equal eom- 
jiaptmenta by one partition 
alonjf its length and two 
across its breadth. The 
wood of which the box is 
made la ^" thick, and all 
the parts of the tray are J" 
thick. Draw an isoraetne 
projection of thenholu when 
the lid is open 90°. Scale 4 inches to the foot. 

7. Draw the igometrio projection of a hexagonal prism. 
Sideofhasfll;^", axis3". 

8. A square slab 2|" x 2^" x 1" has a hexagonal hole 
through it. The side of the hexagon is 1", and one side is 
parallel to a side of the square. Draw an isometric projection 
of the solid. 

9. Make an iaometric projection of the dovecot shown in 
fig. i, p. b, Part I., making it three times the size shown. 
Omit the vertical post supporting the cot. 

10. Draw the isometric projection of the solid described in 
Exercise 16, Chapter III. 

11. A small cupboard, having one door, has a height of 
24", a width of 20", and a depth of 12", outside measurement 
when the door is shut. It stands on four legs, 1^" square and 
3" long. The interior is divided into four equal compartments 
by three shelves, ^" thick. Into the bottom compartment 
there fit two drawers, separated by a vertical partition, ^" 
thick. The thickness of the wood for the drawers is, for the 
front y, for the rest |". The sides, bottom, and back of the 
cnpboardare ^" thick. The top ia f" thick and projects ^" at 
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the aid and f nt (the door being shut). The door is V' 
thick and la st ff n d by two cross bdrs on the inside, 2" 
broad, tl i. and 1^" shorter than the width of the door. 
The f 1 nt £ th draw rs when shut is in the same plane as 
the fro b f th hi s, whieh are 1" behind the outside of 
the do wh n the latter is shut. Draw an isometric projec- 
tion ot h upboard when the door is open 90°, and one drawer 
is about half ont. Make the projection so as to show as much 
of the interior as possible. Scale ^. 

12. An open wooden box is iu the form of the fraatum of 
a square pyramid standing on the smaller end. The upper or 
lai^r end is 2 feet square, the lower is 1 foot 3 inches square, 
outside measurement. The depth is 2 feet 3 inches, and the 
thickness of the wood is 2^ inches. Draw its isometrio 
projection. Scale ^. 

13. A oircnlar mass, 2 feet diameter and 4 Inches thick, has 
a hole through its centre 8 inches square, Draw its isometrio 
projection. Scale ^. 

14. A cjHndrica! slab, 3" diameter, and 1" thick, is pene- 
trated by a, square priam 3" long, having' a base of 1^" side. 
The axes of the aoHds are in the same straight line and their 
centres coincide. Make an isometrio projection of the solids. 

15. An iron stove is in the form of a square prism, 2' 3" 
high, the top being 1' 9" square. It is supported by four 
legs at the corners, 1' long and 2" square. At the top is a 
circular hole 1' 6" in diameter, and iu the middle of one side 
ia a rectangular opening, 1" high and 9" wide. Draw an iso- 
metric projection of it. Scale -^j^, 

N.B. — The thickness of the metal may be neglected. 

16. Draw in isometrio projection the solid described in 
Exercise 22, Chapter IV. 

17. Three straight lines meet at a point a, and form with 
one another angles of 115°, 120°, and 125°. These are the 
plans of three edges of a cube meeting at the solid angle A. 
Complete the plan of the cube, it having an edge of 3". 

18. Make an axomeiric projection of the pieces of wood 
shown in the figure fo Exercise 5. The projections of the 
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horizontal axes to make 110° witk tho projection of tlie 
Tertical axis. 

19. Draw an asometric projection of the cupboard meo- 
tioned iu Esereiso 11. The projections of the axes to be the 



CHAPTER XIII. 

HOEIZOWTAL PBOJLOTIOK, 



Iif Chapter I. it was stated that two projections of an object 
w re q red to completely represent it. In the preceding' 
! apt t has been shown that when the solid is rectaogalar, 
a d pi d in a, particular position, one projection is sti£B.cient. 
In th I sent chapter will be explained another method of 
p nt g objects by one proje^tioo. 

If the plan of a point is given, and also its distenco from 
the horizonial plane, the position of the point is fixed. Also 
if the plan of a straight line is given, and the distances of two 
points in it from the horizontal plane, as much is known about 
the line as if a plan and elevation of it had been given. 

In the ' horizontal projection' of a point, its plan is given, 
and its distance from the horizontal plane stated by a number 
or index ; thus, ag denotes that the point whose plan is a is at 
a distance 8 nnits above the horizontal plane. If we wish to 
denote that the point A is 8 units below the horizontal plane, 
we mark the plan thus, a_g. The negative, or minus sign, 
before the index 8 shows that the point A is below the 
horizontal plane. 

A line, A B, ia represented in ' horizontal projection ' by its 
plan a h ; the points a and 6 being indexed to show the heights 
of the points of which they are the plans. 

Bcale of Slope.^We have already shown that planes may 
be represented by their traces on the co-ordinate planes. In 
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lioriaontal projection planea are shown ty their 
slope.' 

In fig. 133 uh T. 
It will be not eel thit the scile < 
parallel lines d d vn at r ght 
angles to the ho zoutal i ace of 
the plane, and ac oas tl e c a 
number of equi- distant lines 
parallel to the horizontal trace 
of the plane, the whole reaem- 
bling an ordinary acale. 

The nnmbera on the different 
pointa of the acale denote the 
diatances of these pointa from the horizontal plane. 

It will be noticed that one of the two lines of t 
right anglea to MN is thicker than the other — that c 
thicker which v 
plane. 

The Unit for the Indiofs. — In stating; the distance of any 
point from the horizontal plane, of course any unit might be 
taken, but in all the problems and exe^cise'^ of this chapter 
the unit will be ^orth of an inch, unless some other unit ia 
given, ao that an index 25 dcuotea that the point is ygtha, i.e. 
2'5" above the borizontal plane. 

Moat of the problems which we have diacuased on pointa, 
buss, and planes, in the preceding chaptera, have correspond- 
ing problems in horizontal projection ; but as the principles 
I their solution are generally the same in both 
) wilt make a selection of a few problems only, ao as 
to illustrate the method of horizontal projection, 



e scale at 
i ieinij 
H. the lefUhimid gide of a person aeaendmg the 



PROBLEM 99. 

JVtwi thefigv/red pkiM of a Vine to deterrmne its true length, i 
cUnaUon, and horizontal trace. 
a^ B|3 is the eiven plan. 
From a and 6 draw perpendiculars to a 6, and make tli£ 
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respectively equal to the indices of a and 6. The line Aj B, 

joining the topa of these perpendicnlara will have a length 

PiQ, 1S4. eqna! to the real length of A B. 

The angle between Aj Bj and 

a h will measure the inclination 

of AB. 

The point where A, Bj meets 
a- h is the horizontal trace of A B. 
The fc ae length an 1 nclina- 
tion oi A B n ay also 1 e fo nd by I aw ^ a perpend onlar 6 P 
equal to the difleren e 1 etween the nd cea of a ind h, and 
joininc o w feh P In the esimj le ho a m the t u e, i P 
would be *) un ts long 

It s evident that the index of the h aont 1 trace of a 
line w 11 be U 

If one of the nd es should be p t ve and the other 
negat ve the pe i e d cula s must be d wn n oppos te sides 
of a& 

PROBLEM 100. 

In the jignved plcm of a line, to determine a poini having a given, 
md&n ; also the index of a given point. 

*4 ^131 ^S- ^^^' ^^ ^^^ given plan. 

Proceed aa in the preceding problem to determine the line 
Aj B|. Make & Q equal to the given index (in this case 6'5), 
draw Q Oj parallel to a &, and Oj c pcrpendicnlar to a 6. c ia 
the point required. 

To determine the index of a given point, o, we proceed aa 
before, and determine the lino Aj Bp Then draw a Ci per- 
pendicular to a & to meet AjB,. The length of cCi is the 
index required. 

PROBLEM 101. 
Through a, given point to draw a line parallel to a given Une. 
Let (ta ^9 ^^ ^^ given Hue, aad C; the given point. 
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Through c draw a line parallel to ah. Make o d 
The indez of d will be 7 greater than 
index of J is 7 greater than that of a. 

If we had prodnced the line o d 
in the opposite direction, malting 
e = 6 a, then the index of e would 
be 7 less than that of e, becanae the 
indez of a is 7 less than that of 6. 
But the index of c ia only 5, what then niiiat be the index of e ? 
The student who is ^miliar with elementary algebra 'will at 
once see that the index is —2. This will be clear to anyone 
from the following reasoning: is 5 units a &(we the horizontal 
plane, if therefore the point E ia 7 units below 0, it miiet be 
2 units below the horizontal plane, but it has already been 
stated that distances hehw the horizontal plane are prefixed 
by the negative or minus aigii ; hence the index of e is —2. 

The stndent must be careful to see that the indices on 
both lines increase or decrease together as we move along 
them in the same direction. If this is not attended to, the 
lines will have the same inclination, bnt will 
directions, and therefore cannot be parallel. 



PROBLEM 102. 
To determine the mclinaUon of a given, plane. 

Let o 6 be the scale of slope of the plane. 

Since the long lines of the scale of slope are at right 
angtea to the horizontal traoe of the plane, it is evident that 
the inclination of these lines 
will be the same as the incli- 
nation of the plane. Hence 
if fc P be drawn perpendicular 
to a &, and made equal to the 
difference of the indices of b 
and a, the angle V ah wilt 
measure the inclination of 
the plane, 




y Google 



DESCRIPTIVE GEOMETEY. 



PEOELEM 103. 

To determine a plane to coniam a gvcmi point, a'nd he pwralld 

to a given flane. 

Let^j be the given point, and ah the given plane (fig, 136)i 

Since the iiorizontal traces of parallel planes are parallel 
it is clear that their scales of slope, which are at right angles 
to these tvacee, must also be parallel. Draw, therefore, the 
long lines c iJ of the reqaired scale of slope parallel to a h, and 
in any convenient position. Through p draw a line, p q, at 
right angles io cd. p q will be the plan of a horizontal liae 
lying in the required plane, and q will therefore have the same 
index &a p. 

The scale of slope ed must be graduated in the sai 
as ab; that is to say, the difference of the indices of 
length on cd muet be eqnal to the difference of the 
on an equal length of a h. 



3 way 
given 



PROBLEM 104 



I two pa/) alJel planes , (2) 
e, and at a ijwen Jiatatiee 



To determine (1) the distance hHiiet 
aplomb parallel to a g%ien pla/, 
frmn it. 

Let a h and ad'he the given planes 

If the traces of these pUnea be found on i vertical plane 
aiculdi to then hoiizon- 




tal traces, ind therefore par- 
allel to their scales of slope, 
the distance between these 
tiaces will be the distance 
between the planes 

For convenience the ver- 
tical plane is talen so aa to 
pass through a 6, one o£ the 
■scales of slope, so thdt the 
giounci line XY coincides 
with a h 
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a c' and 6 i' are dniwn perpendicular to a 6. 6 6' is made 
equal to the index of i, and a c' eqnal to the index of c. As 
in. the example uhown in the figure, the index of o. is 0, a h' 
13 the vertical trace of the plane whose scale of elope is a h, 
and as the other plane is parallel to this one, a line c'd' par- 
allel to a V -will be its yertica! trace on the aaaumed vertical 
plane. The distance between a 6' and c'd' is the distance 
between the given planes. 

The second part o£ the problem is so simple as to require 
no explanation beyond the figure. We just notice that two 
planes may be determined — one on each side of tlie given plane. 



PROBLEM 105. 

To determine the plane eontainiv'g three given points. 

Let a, h, and c be the given points. 

Find a point, d,mal having the same index as c by Problem 
100. cd must be a horizontal line in the plane containing n, 
h, and e; therefore the scale of rm. 138. 

slope of the plane containing those 
pointe must be at right angles to 




Where cd cuts the scale of 
slope determines a point on it 
having the same index as o or d. 
If throngh a a line he drawn parallel io cdto meet the scale of 
slope, a point is doterniined on the latter having the same 
index as a. These two points on the scale of slope having 
been found, the scale may be graduated if required. 



PROBLEM 106. 

In a given plane, to place a line having a given inelmation s 
that it shall pass through a given pomi in the plane. 

Let a 5 be the given piano, andjs the given point. 



y Google 



40 



IIL IjEOMETUi 



. ttie stale of 'ilopi 




Through i, any pLint i 
perpendicular to the Utter 
line, p Q, in any convenient direction, 
and a line, ^iT %t right ai f^lee to p Q 
Make p P equil to tte difference of 
the indices of p and r and diiw PQ 
making the angle PQ^ equal to the 
given inclination, ^ith ceutre p, and 
radius p Q, describe an arc cutting r 3 at 3. pq 
required. 

PROBLEM 10?. 
To deterinim the inteisedn n ij iuo qiwn platter 

Let a b and cdbe the given pUnes 

Through a and h, any two pointi in the =icale of elope a h, 
draw the lines ap and 6. j- at iighfc angles to ah. Through 
points and d m rd, hiving ^^ j^^ 

the same indices as a and 6, 
draw lines perpendicnlai to td 

The line ap is the plan of 
& horizontal line lying m the 
plane ab, i p m the plan of 
a horizontal hue lying m the 
plane c d. INow dS these lines 
have the same indices, they 
must be in the same plane, theiefore they will intersect at a, 
point of which p is the plan Theiefore p is a point in the 
intersection of the two given pianos In the same way, q is 
a point in the mtei section , thet efore the line j> 3 is the inter- 
section of the planes 

If the scales of slope aio piralle], the above construction 
will evidently fail, because the honzontals of both planes will 
be parallel, and therefore never meet In this case a third 
plane is taken not par<»llel to either of the given planes, and 
its intersection with each of tfaem found by the rnle jnst given. 
This determines two Imet who'ie mtei section with one another 
will be a point m the intersection lequned It is evident that 
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the intersection of the given planes will be a horizontal line ; 
therefore a line perpendicular to tic given scales of slope 
throngli tEe point thus found determines the intersection of 
the given planes. 

If the third plane mentioned above be taken perpendicular 
to the given planes, the plans of its intersections with the latter 
will of course coincide, so that an elevation of them must be 
drawn to determine the point where they meet. This elevation 
is best taken on the third plane itself. 

If the given scales of slope are nearly parallel, so that the 
horizontals of the planes meet at a very acute angle, it is best 
to find two points in the required intersection by the method 
explained for parallel planes — i.e. by cutting each of the given 
planes by two other planes. 

PROBLEM 108. 
To determine the iniersecUon of a given Une and a given plane. 

Let C6 & be the given line, and o d the given plane. 

Through any two points, a and h, in the given line, draw the 
paiallel lines a r and 6 g in any convenient direction. Through 
e and d, points on the scale of slope having 
the same indices as a and i, draw the hori- 
zontals r and d q, meeting the parallels a r ■ 
and 6 3 at -f and q. Join rq. The point 
p where the line rq or rq produced meets 
c rf or c d produced is the point where the j" 
given line meets the given plane. 

The tteory of the above constrnctioa 
is as follows: — ar and hq are the hori- 
zontals of a plane containing the line ab. 
The line r 5 is evidently the intersection 
of this plane with the given plane. The point jJ is therefore 
a point in I^oth planes and also in a 6 ; therefore it is the inter- 
section required. 

The intersection may also be found by taking an elevation 
of the line and plane on a ground line parallel to the scale of 
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PEOBLEM 109. 
Through a given poMt, to draw a line p&rpendicular to a given 

The pHn of a line which 19 perpendicular to a plane is at 
right angles to the hoiizontal trace of that plane, and will 
therefore be parallel to ita scale of slope. 

To figure the pKn o± the line (which, of course, passes 
through the fignied j,Ian of the point), determine the trace 
ot the plane ind the elevation of the point on a vertical plane 
pirallel to the BOile ct ilopo Through the elevation of the 
point diiw a pirptndn-ulai to the trace of the plane; this 
peipendicular will be the elevation of the line, and from it 
the plan may be figured. 

PROBLEM 110. 

To determine a plane to contain a given point, and he ferpen- 

dieralar to a given line. 

Taking the figured plan of the line for a ground line, 
determine the elevations of the point and line. Through the 
elevation of the point draw a line perpendicular to the elevation 
of the given line. This perpendicular will be the vertical trace 
of the required plane. The scale of slope of the plane will be 
parallel to the given figured plan of the line, and it may be 
graduated from the vertical trace found as above. 

Oontoy/r Lines. — -The plan of a portion of the earth's sur- 
face is made to show the form of that surface very clearly, 
by drawing on it the sections of the sni'face by a series of hori- 
zontal planes, at equal distances from one another. These 
sections are called contour lines. Fig. 142 shows tho contoured 
plan of a hill. It is evident that the relative closeness of the 
contour lines shows the relative steepness of the different parts 
of the surface, the surface being steepest where the contour 
lines are closest together. 

It is usual to affis to the contour lines (to a few of them, 
at least) their heights above some fixed koriKOntal plane. 
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PROBLEM 111. 



Qivert a mrfaee by Us contowed ^l<m, and a plane by its scaie 
of slope : to determine the section of the surface by the pla/tie. 
Draw the plans of a number of horizontel lines lying in the 

given plane, and having the same indices as the contour lines. 

The points where these lines meet, the contour lines having 




the same indices, are pointe in the section required. The com. 
plete section is obtained bj drawing a fair curve through the 
points thus obtained. 

EXERCISES. 

1. Draw a triangle ff^ 61362 ; ii6 = 2^", 60 = 2", ca = lg". 
Show the figured plana of three lines passing through A, B, 
and C, and parallel to the line joining with the middle point 
of AB. 

2. Show the scales of slope of two parallel planes inclined 
at 40°, the distance between the planes beiag ^". 

3. An equilateral triangle of 2" side has its angular points 
indexed^, 15, andlS, Determine tho true form of the triangle 
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of which this is the plan, and determine the scale of slope of 
its plane, 

4. The plans of tbree points, «„ &20, C30, form a right- 
angled triangle, the longtha of the two sides, a and h c, con- 
tainicg the right angle, being 1" and 1-25" respectively. Find 
the true form of the triangle ABO, and its area. 

5. Determine the plan of the circnm scribing circle of a 
triangle, ABC, whose figured plan is *4 6^5 Cj a — os 6 ^ S'8'', 
&c = 2-6', <!a = l-9". 

6. Three points, whose plans form an eqnilateral triangle 
of 3" side, have indices 10, 20, and 30. From each point draw 
a line perpendicular to the line joining the other two, 

7. Represent a plane inclined at 38°, and place in the plane 
a line inclined at 20°. 

8. Determine the scale of slope of the plane containing the 
points given in Exercise 1, and represent a line lying in this 
plane inclined at 35° and passing through the point B. 

9. Represent a plane inclined at 4.(1° by its scale of slope, 
and two lines lying in this plane, one being inclined at 30° and 
the other at 20°, the lines to meet at a point whose index is 14. 
Determine the true angle between these lines. 

10. The figured plana of sis points, a^, h^, Cjo, djs, e»i),/2B, 
taken in order, form a regular hexagon of 1^" side. Find the 
intersection of the plane containing A, 0, and F, with the plane 
containing B, D, and F, and state its inclination. 

11. An irregular flve-fa^ed soHd has a square base (3" side) 
on the horizontal plane. The remaining faces, which slope 
towards the centre of the sqnare, are inclined at 40°, S0°, 60°, 
and 65". Draw the plan of the solid. 

12. Represent by its scale of slope a plane inclined at 60°. 
Also a point 1" distant from, the plane, and 2" above the hori- 
zontal plane. Through the point draw a line Inclined at 45°, 
and parallel to the plane inclined at 60°. 

13. Draw a figure abed. ah = 1-5", hc= 2", ed = 1-4", 
da -^ I'S", a c = 2". The points a,h,c, and d are the plana 
of four points whose indices are 7, 26, 10, and 17 respectively. 
Determine the plan of the sphere on whose surface the pointa 
A, B, C, and D are situated. 
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14. Determine the foot of the perpendicular from the point 
B (Exercise 13) on the plane of A, C, and D. 

15. Draw a triangle 0,3.5 d>^ en-s {ed = 1-4.", de = 2'1", 
ec = 2-7"). C D is one edge, and C E one diagonal of a cube. 
Complete the plan of the solid. 

16. Draw a square, rti 3 i^ c^g d/,, of 2" side. Draw the 
figured plan of tJie common perpendicular fco the lines A C 
aad B D. 



CHAPTER SIV. 

CUBVED SUEl'ACES AtfD TAHOBNT PLAHES. 

QensralAon of Surfaces. — Surfaces may be considered as 
'generated' by a line, straight or curved, moving in a definite 
manner. Thus a sphere may be generated by the revolution of 
a semicircle about its diameter, and a plane may be generated 
by a straight line moving parallel to itself along a fixed straight 
line. 

The line fey the motion of which a surface is generated is 
called the Generatrix:, or Generating Line, of that surface. 

A line which seiTes to constrain or direct the motion o£ 
the generatrix is called a Direclriai. 

Surfaces of Sevohitiim. — Surfaces which may be generated 
by a line, straight or curved, moving so that any point in it 
is always at the same distance from and in the same plane at 
right angles to a fixed straight line are called surfaces of r&vo- 
luUon. 

The fised straight line about which the generatrix revolves 
ia called the axis of the surface. 

Sections of a surface of revolution by planes at right angles 
to the axis are circles. 

Sections by planes containing the asis are called meridian 
sections. 

All meridian sections are exactly alike. 

~ ~ s of Surfaces of Revolution. — The sphere, the right 
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circular cjlmder and the light circular cone are examples of 
surfacee of revolution and have been ilieady defined (pp 26 
and27, Paitl) 

A Spheiotl IS a surface geneiated hj an elbpge rotating 
about one of its axes and is called an Oil te oi Pr Jih 
Spheroid iccoidmg as the minor or major 1x19 of the ollipse 
is the axis of revolution 

The Hjperloloid of Levolifion it. geneiated by a atiaight 
line revolving about an asis not in the same plane with it 
The circle described by the comrnon peipendiculai to the 
generating line and the ax s is eomet mes called the collar 
and somctmea the fhi if of the suilace 

A Burfece of revolution may also le generated by a ciicle 
of constant 01 of vaiyint, diameter whicli moves so that its 
plane is perpendiculai to and its centie in the 'ixia the 
diameter of the ciicle being legilated by some Ime stiaight 
or curved auch as a meridian secti n of the surface 

In the cyhndtT of revolut on the 1 ne wbicb legnlates the 
diameter of the geiiei'itmg oucle is a line piinllel to the axis 
ao that the citcle is of conatdut dnmetei 

In the cone the regulating line or directrix is a straight 
line, passing through the vertex of the cone. 

In the hyperboloid the regulating line is an hyperbola. 

In the spheroid the regulating line is an ellipse. Here we 
may mention that the spheroid is by some writers called an 
eUipsoid ; it is, however, only a particular case of the ellipsoid. 
The complete definition of the ellipsoid is as follows : '— ' An 
ellipsoid may be generated by the motion of a variable ellipse, 
which moves so that its plane is always parallel to a fixed 
plane, and which changea its form so that its vertices lie in two 
ellipses having a common axis traced on planes perpendicular 
to each other, and to the flsed plane.' 

If the ellipses which direct the moving ellipse were equal, 
the moving ellipse would become a circle, and the Burfeoe 
generated would be that of a spheroid. 

Bided Swfacea are such as can be generated by the motion 

' Frost's Solid Qerniebi-jj. 
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of a straight Ima. They may be diyided into two classea — 
Developable Surfaces and Twisted Swfaces. 

Developable Surfaces. — A surface is said to be developable 
when it can be ' folded back on one plane withont tearing or 
creasing at any point.' The generating lines of developable 
fliirfacea ' move in euch a manner that any two of their con- 
BBCutive positions are in the same plane.' 

All other mled surfaces are twisted surfaces. 

Examples of Ituled Surfaces. — The cylinder and cone repre- 
sent the class of developable surfaces. 

As examples of twisted surfaces we have the following: — 

The Hyperbolic Paraboloid, or Ikmted Plane, which is gene- 
rated by a line moving parallel to a fixed plane, and meeting 
two fixed straight lines. If the gniding lines or directrices 
be curved instead of straight, the resulting surface ia the 
Tansied Gylinder. 

The hyperboloid of revolution is clearly also a twisted 
surface. 

Perhapa the most important twisted surface ia the Screw 
Surface, wliich may be generated by a straight line moving 
with a uniform velocity along a fixed straight line or axis, 
with wbioh it makes a constant angle, and at the same time 
bas a uniform motion of rotation about that axis. 

PROBLEM 112. 

2*0 determine a cylinder to envelop a given sphere, the direction 

of the axis of the cylinder being given. Also to determine the 

curve of conttict of the cylinder and sphere. 

The axis mn, m'n' of the cylinder will pass throngb o o', 
the centre of the sphere. The curve of contact will be a great 
circle of the sphere contained by a plane passing through its 
centre and perpendicular to the axis of the cylinder. 

The projections of the cylinder will consist of tangents to 
the projections of the sphere parallel to the projections of the 
axis of the cylinder, together with the traces of the surface 
on the planes of projection. Only the horizontal trace of the 
oylicder is shown in the figure, 
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To find the horizontal trace of the cylinder and the plan 
of the circle of contact, we proceed as follows. Draw an 
elevation of the cylinder and sphere on a vertical plane 
parallel to the axis of the cylinder, taking m n, the plan of 
that axis, for the new ground line, nii'n is the new elovafcioii 
of the axis of the cylinder, and o,' that of the centre of the 
sphere. The points a and h, wSiera the tangente to the circle 




«['«, meet m m, are the extremities of the major 
s of the ellipse, which ie the horizontal trace of the cylinder. 
The minor aiis of this ellipse passes through n (the horizontal 
trace of the axis of the cylinder), and is eqnal to the diameter 
of the cylinder or sphere. 

The line e/di', passing throngh o/, and perpendicular to 
iiii'ti, is the new elevation of the circle of contact. Perpen- 
diculars from c,' and d/ to mm determine cd, the minor axis 
of the ellipse," which is the plan of the circle of contact.' The 
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major asis of thia ellipse ia a diameter oE the circle which is 
the plan of the sphere, and ie at right angles to m n. 

The elevation of the circle of contact is obtained \>j taking 
an auxiliary plaa of the cylinder and sphere on a plane parallel 
to the axis of the cylinder. The constvnctioo ia similar to that 
for the plan. 

The vertical trace of the cylinder may also be obtained 
from the same auxiliary plan. 



PROBLEM 113. 

To determine a cone to mwelop a given sphere, ike vertex of tlie 
cone being given. Also to determine the curve of contact of the 
cone and epliere. 

Take an auxiliary elevation of the cone and sphere on the 
plan of the axis of the cone aa a ground line. The points a 
and 6, where the tangents from v,' to the circle O]' meet the 
line vn, are the extremities of the major axis of the ellipse, 
which is the horizontal trace of the cone. To determine the 
magnitude of the minor axis of this ellipse, which of course 
bisects o 6 at right angles, and does not pass through the 
horizontal trace of the axis as in the case of the cylinder in 
the preceding problem, we perform the following constrnction. 
Through/, the middle point of ah, draw/j/ at right angles 
to v,'n to meet the latter at h^', and v,'b at g^'. With centre 
A,', and radius A/i/i', describe the arc gi'K, and draw/E per- 
pendicular to fg,' to meet this arc at K. /K is equal in length 
to the aemi-minor axis. 

The theory of the construction just given for finding the 
minor axis of the ellipse, which is the horizontal trace of the 
cone, is that a section of the cone perpendicular to its axis is 
taken by a plane whose trapse on the auxiliary elevation is 
h,'g^. The true form of this section is a circle, a portion of 
which is shown turned round into the plane of projection. 
The chord of this circle drawn through /, perpendicular tp 
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/ffi'i gi^es the greatest width of the cone at the level of the 
horiEOntal plane. 

The ellipae, which is the plan of the circle of contact, is 
found aa followa. Ci'di', the line joining the points of contact 
of the tangents from u/ to the cit'cle o/, is the new elevation 
of the circle of contact. Peipendicnlars irom c,'di' to um 




determine o d, the minor axis of the ellipse. The major axis is 
eqnal to the diameter of the circle, and therefore equal toe, 'd/. 
The axes of the ellipse, which is the elevation of the circle 
of contact, are found by taking an auxiliary plan of the cone 
and sphere in the same manner as for the cylinder and sphere, 
and proceeding in precisely the same way as for the plan. 
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PROBLEM 114. 
To determine the seoUon, ly a giom pi me, if a lurface juftove 

mode of gmwration is hiumn 

The way in ■wbicli the aur&icfl is generated being known, 
the projections o£ the generating line in any number of 
positions can be drawn. The intersection of the given plane 
with the generating line m each of these positions can then 
be determined. This gives a number of points on the inter- 
section of the plane with the smtd,ce, and a fair curve through 
these will be the complete interbettion 

When the given sarface can be generated in a nnmber of 
different ways, that mode of generation should be made use 
of which has the projections of its generatrices the simplest 
posaible. 

The sections of the cylinder and cone worked out in 
Chapter VIII. are examples of this problem. 

PROBLEM 115. 
To determine fhe inlersedion of a straight line witha given mrfaae 

whose mode of generaiitm is hnovm. 

Assnme a plane to contain the line taking the position of 
the plane bo that the projecfcione of its intersection with the 
given snrface are as simple as possible. 

The intei-aection of the line with the intersection of the 
plane and surface will be the intersection required. 

Tangent Planes. — If through a given point on a surface any 
two tines be drawn on that surface, the plane containing the 
tangents to these lines through the given point is the tangent 
plane to the snrface at that point. 

If a straight line can be drawn on the surfece through the 
given point, as can be done on all ruled surfaces, the tangent 
plane will contain this line. 

The normal to a smfo.ce at any point on it is the perpen- 
dicular to the tangent plane at that point. 
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PROBLEM 116. 



To determine iks tanpent pl<me io a cone at a given point ■ on Us 

Let V denote the vertex of the cone, and P the given point 
on its surface. 

Join V P, and prodnce it, if necessary, to meet the hori. 
zoutal trace of the cone at Q, Througb Q draw a tangent to 
the horizontal trace of the cone. This tangent will be the 
horizontal trace of the required plane. Its v«rtical trace can 
be determined from tlie condition that the plane contains the 
vertex of the cone. 



PROBLEM 117, 

tangent plane to a cone througTi a given pomt not 
en the surface of the eone. 

The required plaiie will cnntim the 1 ne join ng the given 
point with the veitex of the cone The horizoutal trace of 
the plane will pa'^s through the horizontal trice ot this line 
Also, if the plane toucheii the cone its hoii?ontal tiacemU be 
a tangent to the hoiizontal trace of tie cone 

The vertical trace can be detcimmed fiom the condition 
that the plane contains the given point or the vertex of the 

If the hotizontal trace of the Ime jiining the given point 
with the vertex ol ibc cone falh oits ie ti e hsrizontal trace 
of the cone ihcie will bo two tangent plines ti the cone 
paissing through the given point If the hoiizor ta! trace of 
the line falls inside tie hor zoniil tta e of the cone, the 
problem is impossible and if it fall on the ho zonfca! tra e 
of the cone there will only be one pi me The piecedmg 
problem is juat this lattei caae 
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PKOELBM 118. 

To determine ihe tangent planes to a given cone whuih shall he 
paralkl to a g'lven, straight line 

ThroQgh the vertex of the cone dnw a hno paiallel to the 
given line. By the construction exjilamed la the piecetfmg 
problem, deteroiine Ihe planes to ctntain the foimei hue and 
touch the cone. These planea aie the plane? leqniied In 
the particular case when the given line is jaiallel to a gene 
ratriz of the cone, only one tangent plane can he delennmed 
parallel to that line. If the line thioig,h the veitex parallel 
to the given lino falls witliin the cone the piollem becomes 
impossible. 



PROBLEM 119. 

To determine the tat ge t plaj es t a g let c rtp ilI j'c t is is 
inclined which bhall 1 loe a g en. i chuxt on 

Determine a cone having its vertex at the vertex of the 
given cone, its base in the honzontal flane an 1 it lie ingle 
equal to the given inchuation The tangent jlai e« to tbeee 
two conea are tie planea leqnired Problem 8f> which is 
vforkcd out on p. -i, is piactically the same as this one. 

Note. In the preceding problems on tangent planes to the 
cone, we have made use of its horizontal trace only ; but in 
practice it may often be more convenient to take a vertical 
trace of the cone, and first determine the vertical trace of the 
tangent plane, which will be a tangent to the vertical trace 
of the cone. For example, if the base of the cone is circular 
and in a vertical plane, take this vertical plane as one of the 
planes of projection and use the trace of the cone on this 
plane, which trace would be a circle equal to that of the base, 
for determining the tangent plane. 

These remarks also apply to the problems which follow on 
tangent planes to the cylinder. 
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PROBLEM 120. 



To (foiermiwa the tanqent jjZajie to a given cylinder at a given, 
point o is SI rfa e 

Draw the gene ■atr x of the cyl nder through tl e g ven 
point. The tange t plane at the g ven po nt nu fc conta n 
this line. P olu c th s generit s to me t tie trace of the 
cylinder at H A tangent to the t ace at H w 11 be one t ace 
of the plane, and the other rany be detormineti from the con- 
dition that the plane contains the given point. 

PROBLEM 121, 

To determine a tangent plane to a cylinder and passing through 
a given external point. 

Through the given point draw & line parallel to the gene- 
ratrices of the given cylinder. Let M be the trace of this 
line. Through M draw a tangent to the trace of the cylinder. 
This tangent will be one trace of the required plane, and the 
other may be found from the condition that the plane con- 
tains the given point. 

PEOBLEM 122. 

To determine a ia/rtgent plane to a given cylinder which shall he 
parallel to a given straight lime. 

Let AB be the given line. 

From any point, C, in ABdrawC D parallel to the genera- 
trices of the cylinder, and determine the traces L'M, aud MN" 
of the plane containing A B and CD. The plane required 
will be parallel to the plane L'MN. 

A tangent, Q R, to the horizontal trace of the cylinder 
parallel to M N will be the horizontal trace of the required 
plane, and a line parallel to L'M through the point where 
QR meets XT will be its vertical trace. 
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PROBLEM 123. 

To delermine fhe tangent plane io a gnen gj here at a given. 

point Ofi its 8iirfat.e 

Let P be the given poiat and the ceotre of tlie flpbere 
Join OP. A plaae thiongh P perpendicnlii to OP is the 
plane required 

PROBLFM 124 

To deiermme a tangent plane to a given sphere uJ ich i dl 

contain a jriuen. lim 

Mrst Solution A tangent plane to the sphere eontimmg 
the given line will bo perpendiL.ulai faithe radius of the sphere 
drawn froaj the point of contact Hence this radins will be 
perpendicolar to the given line, and therefoie he m i flane 
perpendicalar to that line and pissing thiougb the centie of 
the sphere. This perpecdicutai plane will intersect the 
sphere in a gieat ciicle and the tangent plane in i straight 
line, which will be a tangent to that circle The point of 
contact of this tangent line will be the point where the tan 
gent plane touches the '.phere 

The point of (.ontact being determined the tangent plane 
is drawn througli th^t point perpendicular to the radius at 
that point. 

In fig. 145, !S the centre of the sphere and al ah' 
the given line 

Determine (Problem 66) a plane, P QR, perpendiculai to 
aJ>,a'h', and containing the centre of the sphere, Find (Pro- 
blem 54) the point ce' where the given line meets this plane. 

Through the centre of the sphere draw a horizontal line, 
OS, ia the plane P'QR. Let the plane P'QR revolve about 
the horizontal line OS until it becomes horizontal. When 
this is done the great circle which is the section of the sphere 
by the plane P'QR will coincide with the circle which ia the 
plan of the sphere. The point 0, after the rotation of the 
plane P'QR about the line S will come to d ; s C, being 
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equal to the hypotenuse of a righfc-aDgled triangle whose base 
18 equal to se, and perpendicniar equal to the difference of the 
s (oro') and o' from XT. Prom C, draw a 
t CiE| to the cirole which is the plan of the sphere; 
El being the point o£ contact. Produce GiEi to meet «o at T. 
How restore the plane P'QB. to its natural position, carry, 
ing with it the tangent line. During this restoration tlie 
point Ej will describe a circle whose pliHi will be a straight 




line perpendicular to os, while T will remain fixed. It ig 
evident, therefore, that the line cT will be the indefinite plan 
of the tangent from C to the great circle, which is the section 
of the sphere by the plane P'QB, and the point e whero oT 
meets the perpendicular iroia Ei on to os wiU be the plan of 
the point of contact, the eleyation of which is easily found. 

A plane through, ee' perpendicular to oe, o'e', ia a tangent 
plane containing ah, oIV . 

It is evident that there will be two tangent planes ful- 
filling the given condition. To find the second one, the other 
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tangeat to the circle from C, is drawn, and the consiructioii 
completed as for the first plaae. 

Second SoluUon. Take a point in the given line, and deter- 
mine by Probleia 113 a cone to envelop the sphere and have 
this point for its vertex. A plane containing the given lino 
and touching this cone will also touch the Kphero. This 
plane may bo determined by Problem 117. 

Thwd Solution. Take two points on the given line and 
consider them as the vertices of two cones enveloping the 
sphere Determine hy Problem 113 the projections of the 
eiicies of contact of these cones with the sphere. These 
ciicle^ of contact intersect at two points, which are the points 
of contact of the tacgeat planes to the sphere which contain 
the given Ime. 

By taking the axis of one cone parallel to the vertical 
plane and the axis of the other parallel to the horizontal plane 
only one ellipse will need to be drawn. 

PROBLEM 125. 
To determine the eones enveloping two given spheres. 

Two cones can be determined. One has its vertex on the 
line joining the centres of the spheres and lying between 
them; the other has its vertex on the line joining the 
centres of the spheres produced beyond the smaller sphere. 
Tangents to the projections of the spheres intersect the pro- 
jections of the line joining their centres at the projections of 
the vertices of the cones. 



PROBLEM 126. 

2*0 detemxme a tangent plams to too given spheres which shall 

coniaiii u given point 

Determine by the preceding problem a cone to envelop 
the given sphetes A piano containing the given point and 
touching th 11 pone 11 ill be the required tangent plane, and 
m.ay be tonnd by Pitblem 117. 
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Another solution ia to find the yertes: of i 
coDe by the preceding problem, and then determine by 
Problem 124 a plane to touch one of the spheres, and contain 
the liae joining the vertex of this cone with the given point. 

In general, four tangent planes to tlie two spheres may be 
found containing the given point. 



PROBLEM 127. 
To determine a tangent plane to three given spheres. 

Determine tJie vertex of a cone enveloping two of the 
spheres, also the vertex of a cone enveloping any other two. 
A plane containing these two vertices and touching one of 
the sphereg will also touch the othei" two. 

Eight planes may be determioed to touch the three given 
spheres. Two of these will have all the spheres on the same 
side, while the others will have one on one aide and two on 
the other. 

PROBLEM 128. 

To determine the tangent plane to a given surface of reviilitMon 

at a given, poird cm Us surface. 

Let the axia of the sarfaco be vertical, and let P be the 
given point. 

All the tangent planes to the snrface at points on it at the 
same level as P will have the same inclination, and the normals 
to the surface at these points will all meet on the axis at the 
Bame point. Hence if p'r' be drawn parallel to X Y to meet 
the outline of the elevation (or plane generatrix) of the sur- 
face at /, and a line, gV, be drawn perpendicular to the 
tangent at Z, meeting the elevation of the axis at j', q'p' will 
be the elevation of the normal to the surface at P. The plan 
of this normal wil! be the line joining p with the centre of the 
circle, which is the plan of the surface. 

A plane through pp', perpendicular toj)^, p'q', will be the 
tangent plane to tlie surface at P. 
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This plane also toucliea the right circular cone, whose 
projections are shown in the figure. This cone envelops the 




given surface ; the line of contact being a horizontal circle 
passing through P, 

PEOBLEM 129. 
To determine a eylinder to e/pvclop a c/iven surface of revolution, 

the gen&ratricee of the cylinder to he parallel to a given, line. 

Aho to show the line of contact. 

Let A B bo the axis of the surface of revolution (anppMed 
to be vertical), and let C D be the line to which the genera- 
trices of the required cylinder are to be parallel. 

Take any point, P, on the snvface of revolution and de- 
termine the cone which, having its vertex Y in AB, envelops 
the Burfaco of revolution and touches it in a horizontal circle 
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through P, The coustructioa for determiinng this cone ia 
shown in G.g. 146. 

Determioe by Prohlera H8 a plane tangential to this 
cone and parallel to CD. Find the line VB which is the 
line of couta<,t 1 etw en t! e cone and the plane (R is the point 
where the 1 o z atal trace of the plane touches the circle, 
which is the h zon dX trace of the cone). 

Next determine the point Q where VR meets the circle 
of contact a A th-ongh Q draw QN" parallel to CD. The 
point Q a the po nt w here the tangent plane touches the 
surfaoe of revolution. The line Q N will be a tangent to the 
surface of revolntion at the point Q, for it is parallel to C D, 
■which is parallel to the tangent plane, and Q is io that plant 
therefore QN ia in tbai plane. 

The line Q N will be a generatrix of the required cylinder, 
Q will be a point in the curve of contact, and N", the horizon- 
tal trace of Q N, wiU be a point in bhe horizontal trace of the 
cylinder. 

In the same way, any nnmber of points on the line 
contact may be determined, and also any number on the trace 
of the cylinder. 



PROBLEM 130. 

To determine a cone to emehp a given surfaee of rmolntioK, 
tli6 vertex of the conn being given. Also to determine the 
line of contact. 

There are only two pointa of difference between the 
solution of this problem and that of the preceding one. The 
fii-st point of difference is that, after determining the vertical 
cone enveloping the given surface, the tangent plane ia made 
to paas through the given point which is to be the vertex of 
the required cone, instead of being drawn parallel to a given 

The second point of difference is that, instead of draw, 
ing QN" through Q, parallel to a given line, we join Q with 
the given point. 



y Google 



CURVED SURFACES AND TANGENT PLANES. 61 

EXERCISES. 

1. A sphere, 2" in diameter, rests on fclie HP. Sbow the 
projections of a cjlinder enveLiping this aptere; show alao 
the oarve of contact. The plan of the axis of the cylinder 
makes 30°, and its elevation 60° with XT. 

2. The plan of the axis of a cone mates 30°, and ita 
elevation 60° with X Y. A sphere, 1^" diameter, which is 
enveloped by this cone, has itrS centre at a point whose plan 
is 2" from the plan of the vertex of the cone. Show the plan 
and elevation of the cone and curve of contact. 

3. Two straight lines, AB and CD, have their plans 
situated as follows : — ah ^4^", cd ^^Sy ; a&andcd inter- 
sect at a point, o, 2^" from a and 2" from c. The angle aoc 
^ 80°. The heights of the points A, B, C, and D above the 
K.P, are 0", 2", 0", and 3^" respectively. 

A surface is generated by a line moving parallel to the 
H.P. and always meeting the lines A B and D. Determine 
the true form of the section of this surface by a vertical 
plane whose horizontal trace bisects the angle aoc. What is 
the surface termed, and can it be developed ? 

4. An hyperboloid of revolution has its asis vertical, and 
is cut by a plane inclined at 50°, whose horizontal trace ia 
perpendicular to X T. This plane cuts the asia at a point 1" 
below the collar. The generatrix of the surface is inclined at 
55°, and its perpendicular distance from the axis is ^", Show 
a plan of the section and determine its true form. 

5. A sphere, 2" diameter, touches both planes of projec- 
tion. A plane, whose horizontal and vertical traces touch the 
plan and elevation of the sphere, respectively, and make 45° 
with X Y, cuts the solid into two poriiona, Show the plan 
and elevation of the lower portion. 

6. A snrface of revolution is generated by an ellipse 
rotating about its major axis, which is vertical ; axes of ellipse, 
3" and 2". A line, inclined at 45° to the H.P. and 30° to the 
V.P-, passes through the middle point of the axis of the 
surface. Show the projections of the points of intersection 
of the line and surface. 
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7. A cone — base 2^" diameter, axia 2^" long — lies "with 
its slant side on tlie H.P., and tbe plan of iis axis makes 60° 
wHt XT. Draw the projections of a straight line lying on 
the surface of this cone, the highest point in the line (a point 
in the base of the cone) being 1" above the H.P. Then draw 
the traces of the plane which tenches the cone along this 
line. 

8. A conical surface with a semi- vertical angle of 25" has 
its axis inclined at 50°. Determine the planes which are 
inclined at 70° and are tangential to the surface. 

9. The plan of the axis of a, cone is 3 long the vertex la 
■7", and the contie of the ba-se is 3 2 above the H P Dra v 
a ta,ngent plane to the surface inclined at 75° Kadins of 

10. Under wnat conditions as to form and position is it 
possible to draw ^ tangpnt jh e to two right cones ? Driw 
the projections of two une fual i ght cones (rne having a 
vertical, the othet a horizontal linb) buch thit they admit of 
tangent pHnci 

11. A cyhnder 1 diameter touches both co ordmite 
planes. Diaw the tr^re'f ot the pUnes which touch the 
cylinder in a Imo 1 from \T Show the mtet section of the 

12. The horizontal tiace of a eyhnlor is a circle 2' 
diameter. The axis of tl e cylmdei is mcl ned at 4U° De- 
termine the two planes which being inclined to the p^per ■st 
60°, shall touch tl e surface The intersection of these planes 
to be shown as well is the Imes in which they touch the 
cylindrical surface 

13. A hue 3 long has one extrenuty on the hor /ontal 
plane and the other on the vert cal f kne the plan of the 
line makes la angle of 4'i° and its elevation an in^le of 50° 
With XT. Cons dermg th 1 n th asis of ■v ciicnlar 
cylmder 1 m diameter d t m n h t aces of its surfaLO 
on both planes of projection Is t 1 w (at ]leTsitc) the 
plan and elevation of a Jm an 1 1 fa, m ne the traces of the 
planes which shall touch the jl d a d be parallel to this 
line. 



yGoosle 



CtTRVED SURFACES AND TANGENT PLANES, 63 

14. A circle, 2^" in diameter, is the plan of a sphere 
resting on the H,P, A line, 2^" from the centre of the 
circle, ia the horizontal trace of a plane which toaches the 
sphere, Show the point of contact. 

15. A sphere, 2" diameter, rests on (he horizontal plane. 
It ia tonched by three planes, all inclined at 50°, and equally 
inclined to one another. Determine the height of the pyra- 
mid so formed. 

16. Draw a circle, 1'5" radius, and take a point within it 
1" distant from the centre. The circle is the plan of a sphere 
whose centre is 2'6" above the horizontal plane, and the 
point is the plan of one situated on the upper surface of the 
sphere. Through this point draw a straight line, which shall 
touch the sphere and be inclined at 30°. 

17. A sphere, 1'75" in diameter, touches both planes of 
projection. Determine the traces of a plane touching the 
sphere, and inclined at QO" and 50° to the horizontal and 
vertical planes respectively. 

18. Drawa circle 1'5" radius, and 3" awayfrom its centre 
a straight line. The circle is the plan of a sphere, whose 
centre is 2'5" above the H.P., and the straight line ia the 
plan of one inclined at 50°. Through the line draw a plane 
tangential to the sphere. 

19. Draw the projections of a sphere having its centre on 
the ground line, also the projections of a line which does not 
meet the sphere, and is inclined to both co-ordinate planes, 
Deteimine a Nugent plane to the sphere through this line. 

20. Two spheres, radii 1'5" and 1", rest in contact on the 
horizontal plane. Determine a plane tangential to both and 
having an inclination of 50°. 

31. An equilateral triangle of 2y side is formed by three 
points, 04, h,Q, Cjj. B and are the centres of spQerea of 
ly and 2" diameter respectively. Determine a plane con- 
taining A and tangent to these spheres, rising from A 
towards B and (unit ^ 01"), 

22, Two circles, diameters 1^" and 2", have their centres 
2J" apart. The h.iget circle is the plan of a right cone 
(axis 2" long), and the SBtaller one that of a sphere. Botb 
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solids stand on the H.P. Deteriaine a plane to toach both 
cone and sphere. The ground line to make 40° with the line 
joining the centres of tbe circles, 

23. Three spheres, A, B, and C, have the plans of their 
centres at the angular points of an equilateral triangle of 2" 
Bide. The diameters of the spheres are : — A, 2" ; B, 1^" ; 
C, f. The heights of their centres are :— A, ^" ; B, 1^" ; 
C, f". Detormine a plane tangential to these spheres, show- 
ing the points of contact. Take the ground line parallel to 
ab. 

24. An annulus, or ' auebor ring,' whose seetion is a 
circle 1'5" in diameter, and whose mean diameter is 2^", rests 
on the horizontal plane. Determine the plan of its section by 
a plane inclined at 60°, touching its surface. 

25. A surface is generated by a straight line always m- 
clined at 65°, and always lying in a vertical plane, which 
touches a horizontal ellipse. The plane of this eUipse is 2-5'' 
above the paper, and its axes are 3" and 2". Show a section 
of this surface made by a plane to be assumed at pleasure, 
provided it is neither horizontal nor vertical. 

26. The horizontal trace of an oblique cylinder is an 
ellipse : axes, 3" and 2", The plans of the generatrices (which 
are inclined at 65°) are parallel to the major axis. Deter- 
mine a plane which will cut the cylinder in a circle. 



CHAPTER XV. 

DEVELOPMENTS AND THE PEOJECTION OF SCREW THEEADS. 

In this chapter, when we speak of the surface of a prism, 
pyramid, cylinder, or cone, we eselnde the bases or ends. 

PROBLEM 131. 
To determine the development of the smface of a prism. 

The surface of the prism is made up of a number of paral- 
Jolo'Tama, and if the true forms of these parallelograms be 
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drawa aod placed side by side, so that those angular points 
which are made to coincide coincide when on the surface of 
the- prism, the resulting figure will be the development of the 
surface. 

PEOBLEM 132. 

To determine the develofwient of the sivrfaoe of a pi/rcmnid. 

The surface of the pyramid is made up of a number of 
triangles having a common vertex, and if the tme forms of 
these triangles be drawn and placed side by aide, so that tliose 
angular pointa which are made to coincide coincide when on. 
the surface of the pyramid, the resulting figure will be the 
development of the earface. All the triangles which make up 
the development will have a commou vertex. 



PROBLEM 133. 
To determine the development of the swjaee of a cylinder. 

As was explainedin Chapter III., the cylinder is a particular 
case of a prism. In fig. 147 is shown a prism inscribed ia the 
surface of a right cylinder, the plan of the prism being the 
polygon which is inscribed in the circle which is tho plan of 
the cylinder. 

The development of the surface of the prism will clearly 
be a rectangle A K, made n.p of a series of rectangles equal to 
the sides of tho prism. The side A H of the development of 
the prism is evidently equal to tho perimeter of the polygon 

12 3 H^ow, if the sides of tho prism bo increased in 

number, its surface will more nearly coincide with that of the 
cylinder, and the line AH will be more nearly equal to the 
circumference of the circle 1 2 3 .... ; and in the limit 
when the number of sides on the prism is made infinite, the 
development of its surface will be the rectangle AK, in 
which the side AH is equal to tho circumference of the circle 
123 
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Thi> vertiLal Imea tlirongh the pomta 12 3 
line A H are tte positions of geneiahices on the c 
ment which have their plana on the cyhnder at the points 
123 

If an end o£ the cylmilei is not at right ancjlea to its ixia 
or if it is curved, as shown in the eievation by the curved line 
b'd', the development will have one side curved. The points 
on this curve aro g;ot by making tho developinent of the 
generatrices equal to their trac lengths, which in this case are 
shown in the elevation. Thus CI> is made eijual to e'li'. 




The ILelix. The interaection of the surface of a eirculai- 
cylinder with a screw surface having the same axis (defined 
on p. 47), is a curve known as the helis:. 

The helix may also be defined as the curve 'which is 
generated by the uniform motion of a point along a generating 
line of a right cylinder as the generating line revolves with 
uniform angular velocity about the axis of the cylinder.' ' 

The distance between one coil of a Lelis and the next^ 
measured parallel to the axis, is called the azial pitch of the 
helix. The distance between one coil and the next, measured 
' Frost's Solid Geometry. 
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along the shortest line on the surface of tlie cylinder, ia called 
the normal pitah. If several helices be traced on the eurtace 
of the same cylinder at eqnal distances apart, the distance 
between two adjacent coils ia called the divided pitch. When 
'pitch 'is mentioned without any qualification, 'axial pitch' 
is to be understood. 



PEOBLEM 134. 
To determine ihe projection and development of a Tielw. 

Divide the circle (fig. 147) which is the plan of the 
cylinder into any number of eqnal paiis— say 12. 

It is evident from the definition of a helix that if the 
generating point move round any fraction of tho circumference 
of the cylinder, it will at the same time move in the direction 
of the axis of the cylinder a distance eqnal to the same fraction 
of the pit-ch. Thus, if the point move round the cylinder a dis- 
tance shown in plan by the arc 12 — that is, through -^sth of the 
circnmference— it will at the saniB time rise to a height equal 
to -^th of the pitch. In like maimer, in moving round another 
■jLth of the circumference, it will rise another distance equal 
to Y^^ of the pitch. Hence we have tho following simple 
construction for drawing the elevation of tho helix. 

Divide the pitch K/p' into as many equal parts as the circle 
in plan is divided into (in this case 12), and number them 
1'2'3' .... Through these points 1'2'3' .... draw parallels 
to XT to meet perpendiculars from the points 1 2 S . . . 
reBpoctively, A fiiir curve drawn through the pointe thus 
obtained is the projection required. 

The development of the helix ia a straight line, and if two 
turns of the helix bo developed we get two parallel lines, p'H 
and 5'L, shown in the figure. 

If a line It S be drawn on the development at right angles 
to g'H and j'L, this will be the development of a helix at 
right angles to the former one. 

The perpendicular distance between the lines p'H and g'L 
ia the normal pitch of the helix. 
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Fig 148 shows the ij plicxtion of tins piolili-Hi to tt<, 

drawiBg of a square double-threaded sciew The edges of 

j,jg ^^g each screw tliead iie formed by fom 

helicea, two being on the smfice of 

one cyhndei, and two on the sm-face 
of a amallep one Tho pitch of e'loh 
hehx IS the sttne 

A tiiangular thie^ded eciew wotdd 
be shown by the piojection of two 
heliceb of the same pitch one on the 
BUI face oi one cj-lmder and the other 
on the stiif*ce of a smiller one 

The pi ejection of a spiral (^helical) 
Spring is jast the projection of i screw 
thread with the smaller cylinder re- 
moved. If the spring is made of ronnd 
wire, we conceive its surface as gene- 
rated by a sphere whose centre moves 
along a helix which is the centre line 
of the wire The projection of this helix is first drawn, and 
then the piojection of the sphere in a number of different 
positions Fair cuives drawn to touch tie latter will be the 
projection ot the &piing. 




PROBLEM 135. 
To determine the development of il e s fa fa one 

The deyelopment of the cone len d f om that of the 
pyramid in the same way as the developme t of the cyl nde 
is derived from that of the prism It f o m s a cto of a 
circle having a radius equal to the la t s d of tl e cone the 
length of the arc being equal to tho c c mfo ce of the 
circle which is the base of the cone 

With i)' as centre, and v'a,' a ad it d I e tho a c ffiT\. 
Step out this are with the diyid rs and make t e [ 1 to the 
circumferonco of the circle wh h the 1 se f the one 
w'fl'K is the development of the on 
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The intersecfcion cf a tcrew snrfice with, the surface of 
a cone whose axis coincides with that of the screw sur&ce 
gives a curve "which maj be r a lu 

called a conical helix The 
projection, of this helis which 
ia shown in %. 149 ib drawn 
in almost eaactly the "iame 
way as that of a helix on a 
cylinder. The deve! ipinent 
of this helix, whuh is il'^o 
shown in fig. 149, is a spiral 
The plan is also a spiral and 
may ho drawn in the same 
way as the development with 
out using the elevation of the 



EXERCISES 

1. Draw the developments 
of the Bnrfaoes of the follow 
ing solids : — 

(ft) A hexagonal prism, base |" side, axis 2" long. 

(&) The obHqne prism mentioned in Exercise 4, Chapter III. 

(c) A square pyramid, side of base ^", altitude 1^". 

(d) The frustum of the pyramid mentioned in Eserciae 7, 
Chapter VIII. 

2. Draw the development of the surface of one of the 
prisBiB mentioned in Exercise 28, Chapter XVI., showing on 
the development the line in which the surface meets the 
surface of the other prism. 

3. A cylinder 1^" in diameter and 2" long ia cut into two 
p&via by a plane which cuts its axis at an angle of 45°, at a 
point ^" from one end. Show the development of the surface 
of the larger portion. 

4. A vertical cylinder 2" in diameter is cut by a plane 
inclined at 50°, and having a horizontal trace which touches 
the plan of the cylinder and makes 35° with the ground 
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iine. Draw the elevation and development of the enrve of 
section. 

5. A cone is cut by a plane passing throngli the centre 
of its axis and inclined at 35°. ' Develop ' the surface of the 
frnstnm. Diameter of base 3'5", azis 3 6 

6. Show two helices, one right-handed and the other left 
handed, on a cylinder 1-^" diameter the former to bo ot 1 
pitch and the latter of J" pitch. 

7. A cylinder 1^" in diameter has two helices of equal 
pitch traced on ita surface, their devekfments b u!j at r ght 
angles to one another. Determine tie piojcctiona of eich 
helix arid state iJie pitch. 

8. A cylinder 1^" diameter and 3 1 n^ bas thieo helices 
of S" pitch traced upon it at equal distances apart Draw 
their projections. 

9. Represent a square- threaded screw of the following 
dimensions. Diameter over thread i^r diameter at bottom 
of thread 1^", pitch 1", thickness of thiea 1 j- Sh * two 
complete turns of the thread. 

10. A spiral spring, axis vertical, is of the form of a square 
screw thread. Side of square ^", external diameter on plan 3", 
pitch 2^". Draw the elevationof one complete tumoftbeepring, 

11. Draw a triangular or V-threaded acrow 2^" diameter 
and I" pitch, the angle of the V being 60°. 

12. Make a sectional view of a nut for a triangnlar- 
thi'eaded screw 2" diameter, |" pitch, and ^" deep. Height 
of nnt If". 

13. A spiral spring is made out of round steel wire ^" in 
diameter. The mean diameter of the spring is 2J", and its 
pitch 2^", Drawaplan and elevation of two turns of the spring. 

li. Draw A circle 3" in diameter and two radii oa, oi 
making the angle aoh ^ liO°. In o a take a point p 1-4" 
from 0, aud in o & take a point q -2" from o. The circle is 
the plan of a cone of revolution (altitude 3") : and p and q 
are the plans of two points on its snrfoce. Draw the plan 
of the shortest line, which, lying on the surface of the cone 
ioina the points P and Q ; also an elevation on a ground line 
pai'allel to o a. 

Hint. The development of the line is a straight line. 
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CHAPTER XVI. 



The general meiloJ of flud Dg the nfce ccf on of two sur 
fices s 'is follows L t A and B denote two iren bu faces 
■nkose ntersecton tl one an tte h req^u ed Cat tlie 
9 f K-es A an 1 B by a tl r 1 su face C tl e 1 tter su taca 
being so chos n a I e npJoyed that the i oject on of its 
nte sect on vithAa dB el eswhchcanei Ij bedra^^n 
— sucli as &toaiglit lines aad oiiolos. Let A denote tke line 
of intersection of witii A, and let B' denote the intorasction 
of C with B. Let the lines A' and B' meet at a point P (if 
the projeobions of A' and B' meet, then A' and B' must meet 
since they lie on the same surfaca C). Then the point P lies 
on the intersection of with A, therefore it lies on A ; it 
also liea on the intersection of C with B, therefore it lies on 
B, thus P lies on both A and B, therefore it most be a point 
in the intersection of A and B. By moving the surface C 
into different positions, or by cutting A and B by othee sur- 
faces similar to C, any nninbor of points in the intersection of 
A and B may be determined. 



PROBLEM 136. 
To draw the projections of ike intersection: of two eylinders. 

As a general rule cut the surfaces of the cylinders by 
planes parallel to their axes or generating lines. These planes 
'wil! intersect the surfaces of the cylinders in straight lines, 
the intersection of which with one another determines points 
in the intersection required. 

Example 1. — To show ilie elevation of the interseatum of 
a vertical eyH/nd&r 2" iti diameter with a horizontal ^lirtder 
1'5" M! diameter whose axis is pa/raUel to the vertical plane of 
fryecMon. The axes of the ci 
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Comiuence by drawing tlio plan smd elevation of the 
Cjiinders. 

Out both cylindevB by vertical planes parallel fo the axis 
of the horizontal cylinder. 

Referring to fig. 150, H.T. is the horizontal trace of one 
of these catting planes. This plane will cut tho vertical 
cylinder in vertical lines of which the points a a are the plans, 
and perpendicnlars, throngh a a to X Y, the elevations. This 
same plane will cut the horizontal cylinder in two horizontal 
lines, of which a h will bo the plan ; it now remains to find 




Jiese lines. Tate an elevation of tho hori- 
Bontal cylinder oa a plane at right angles to its axis ; this 
elevation will be a circle 1'5" in diameter. The cufctingplane 
will have a trace on this new vertical plane which will coincide 
with its horizontal trace. The points B/, hi where this trace 
cats the circle just mentioned will be the end elevations of 
the lines A B, A B, in which the horizontal cylinder is cut by 
the cutting plane which we are considering, and the lengths 
c&]', oE|' will be the vertical distances of these lines from the 
horizontal plane containing the axis of tha.t cylinder. Hence 
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the required elevations a' V, al h' will be at distances equal to 
eh^' above and below the elevation of the axis of the hori- 
zontal cylinder. 

Where al h',ti/b' meet the perpend Icnlius through a.awill 
determine four points in the elevation of the intersection re- 
quired. 

In like manner, by taking other planes, other points can 
be found 38 shown in the fig'ure. The elevation of tho inter- 
section is completed by drawing ' fair ' curves through the 
points thus determiDed. 

By arranging the cutting planes symmetrically about the 
axis of the horiiiontal cylinder, as shown, the elevations of the 
lines on the back of thai cylinder will coincide with the 
elevations of those on the front; thus the number of lines on 
the figure is diminished. 

To avoid confusion the student should carefully number 
all the lines in the manner shown in the figure, all the lines 
lying in one cutting plaiie being marked vtith the samo 

Example 2. A vertical inhe, easternal ^anieier 2f", in- 
ternal dimieter 1^", has a horizontal eylindrieal hole bored 
through it 1^" im, diameter. The axis of the hole is ^" from 
the oasis of the tube. "Draw am, elevation on a ■eertieal plane m^ 
dmed ai S3° to the axis of the hole. 

I'irst determino tho intersection of the boring cylinder 
with tbe outside of the tube in exactly the same way aa in 
Example 1. The fact of the horiaoutal cylinder being in- 
clined to the vertical piano will make no difference in the 
working, as the heights of all the lines in whieh the cutting 
planes intersect the horizontal cvlinder will remain the same 
wbatevei be its inclination to the veiticil plane 

Next in like mannei deteimme the intersection of the 
bonog oylincler With the mietiorcf the tuVe It is found 
that m this es^nijle this intersect on con I'its of one line 

In the i'fiO piei-pdiig esimi lea the intEii ctions may 
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also be found by taking the cutting planes horiaontal instead 
of vertical. 




Example 8. The Iwrizontai trace of < 
ellipse 3" X 2" whose major axis is pcn-aMel to X T. The Tim.- 
zontal irace of a second onUnder is an ellipse 2| x 2" whom 
■minor axis is paralhl to XY. The line joining the centres 
of the two elUpses is 3" long cmd is pa/rallel to X Y. The plan 
and elevation of the axis of the first cylinder each wahe 45° 
with X Y. The plan of the oms of the second cylinder is per- 
pendiatdar to the plam. of the axis of the first, and its eleoation 
melees 55° with X Y. To draw the projections of the interseo- 
Hon of the two cylinders. 

lu this example the planes which will intersect the 
cylinders in straight liaea will be inclined to both planes o£ 
projection. 

To find the directions of the traces of the cntting planes 
take a point pp' in the axis r s, r's' of one cylindei". Through 
this point draw the line p q, p' q' parallel to the asia of 
tlie other cylinder, and find its horizontal trace ([. Then 
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r being the horizontal trace of r s, ■/$', tie line iLrongh q 
and r will be the horizontal trace of a plane parallel to the 
axis of each cylinder. This horizontal trace cuts the hori- 




zontal trace of one cylinder at the points a and 6, and the 
horizontal trace of the other at the points c and d. These 
four points will be the horizontal traces, and linea through 
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a and h parallel to r s and throragli c a.iicT d parallel to ( u will 
be the plans of the lines in which the eyiindera are cut by 
the plane of which the line 5 r is the horizontal trace. The 
points where these lines intersect determines four points in 
tlie plan of the intersection of the cylinders. 

In like manner by drawing lines parallei to rj, assnming 
these to be the horizontal traces of cntting planes parallel to 
the first, and drawing lines parallel to ra and t u through the 
points where these horizontal traces meet the ellipses, other 
points in the plan of the intersection can be found,' 

To find the elevation draw perpendiculars to SYfrom 
the points where the horizoatal traces of the cutting planes 
meet the ellipses, and through the points where these perpen. 
dicnlars meet X Y draw lines parallel to r's' and t'u'. These 
■win be the elevations of the lines in which the planes cut 
the cylinders. The eleyation required is determined by the 
intersection of these elevations. 

As in the preceding examples, all the lines and. planes 
should be numbered; all lines in the same cutting plane 
haying the same number. The student will notice tbat ihe 
pomts in the cwve of intersection are found from the intersection 
of those Uftes homag the same waviber. 

The portion of the curve which is seen in plan, and which 
must therefore be put in as a full line, is found from the in- 
tersection of those lines which lie on the npper surface of one 
cylinder with those which He on the upper surface of the 
other, i.e. from the intersection of the lines whose horizontal 
traces lie on the pari/p fc of one ellipse with those whose 
horizontal traces lie on the part Ivm of the other elbpse. All 
the rest of the curve in the plan will be hid by one or other of 
the cylinders, and will therefore be dotted. 

In like manner the part of the curve which is seen in 
eleyation is found from the intersection of those linos which 
lie on the front of one cylinder with those which lio on the 

' In tlio figure only three cntting planea are shown to avoid con- 
fusingtbe flgnre (which is drawn half size), hat the student in worliing 
the problem should tuko, say ten. A similar remark applies to other 
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front of the other, i.e. from the intersection of the lines whose 
hoiiaontal traces ho on those halves of the ellipses which are 
furthest from XT and lie between the tangents which are 
dicnlar to X T. 

if naing only the horizontal traces of the cutting 
planes the vertical traces may be employed, and when both 
cylinders do not have a trace oa the same plane of projection 
it is necessary to use both the horizontal and vertical traces 
of these planes. 

PROBLEM 137. 
To draw ilm projections of the intevmeiion of a cylinder wad cone. 
The geneial method of solving this problem is to cat the 
surfaces by planes parallel to the axis oi to the generating 
lines of the cylinder and passing thiough the apex of tliL. 
cone. These pKnes will mtoisect the snifa^o of the cylinder 
in parallel straight 1 nci ind tbe snilace of the cone m 
straight Imee pasimg thiough ifcn apes Tie inttrscction of 
the former lines with the latter determines pomti m the in 
tersectioH of the cylinder and cone 

EsAMPLB 1. A right cone — hase 3" diameter, azis S^" long — 
1ms its lose AoHzontal. A cylinder, 2" i« d/tcmtetei, whose (rais 
is horizontal peneirates the cone. The oios of the cylinder is 
IJ" above the lose of the cone. The axes of the solids ore ^' 
Of art. To show the plan of the mtersedum. of the solids wad 
an elevation on a vertical plane iMclviied at 30° to tJie.aais of 
the cylinder. 

The general method which has just heen explained can 
easily be applied to the solution of this example. But in this 
case the positions of the solids in relation to the horizontal 
plane and to one another are such that another method may 
be naeiJ which is as simple as that just explained. This 
method, which is illustrated by fig. 153, is as follows. 

As the axis of the cone ia vertical and the axis of the 
cylinder horizontal, all horizontal planes which meet the 
solids will intersect the cylinder in straight lines and the 
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cone in circles. The intersection of these circles with the 
etr^ght lines will determine points on tie curve of intersec- 
tion required. 

Take aa elevation of the cylinder and cone on a plane 
perpendicular to the axis of the cylinder. In the figure this 
elevation is shown brought round into the plane of the first 




Now draw the vertical traces of the horizontal cutting 
plaues and consider one of these planes — say that which has 
L'M' for its vertical trace. This plane will intersect the cone 
in a circle of which the diameter is Oi'6/. Draw, therefore, 
a circle of this diameter on the plan of the cone concentric 
with the plan of its base. This same horizontal plane will 
intersect the surface of the cylinder in two straight lines, of 
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whicb fcbe points &i'ci' ■will be tie end elevations. The plans 
of these lines will bo parallel to the plan of the axis of the 
cylinder, and at distances from it equal to half of E/fi/- The 
points b and c, where these lines meet the circle already drawD, 
will be the plane of two points on the curve of intersection, 
and perpendiculars irom b and c to XT, to meet I/M' at 
h' and e', determine the elevations of these points. 

In like manner any number of points on the cnrre of 
intersection may be found, and a fair curve through these 
will be the complete intersection. 

In the figure the construction is shown for finding the 
moat important points in the intersection — that is, all the 
points of the curve where there is a rapid change in its 
direction. 

Example 2. The horixorvtal Praae of a (Cylinder is am, eHipse, 
3" X 2" wUse -maQor avis is parallel to XT. The plan, of the 
aais of the eylmder makes 30° and its elevation 60" with X T. 
A ame has for its horizontal trace ow ellipse B^" x 2" whose 
emb-e is 3" from the centre of the horimidal trace of the eylvader, 
and iw the same Une with it parcdlel (o XT, amd whose rnagor 
axis is inclined at 60" fo X T. The vertex of the cone is 5" 
a6(we (he horizontal pla/ne, and its plan is i^" from the centre oj 
the first ellipse Oind Z^" from that of the second. To determine 
the intersection of the cylinder and cone. 

This example is worked by cutting the eurfacea by planes 
passing through the vertex of the cone, and parallel to the 
generating lines of the cylinder which, as already stated, is 
the genera! method of solving this problem. 

It is evident that all planes which are parallel to the 
generating lines of the cylinder and pass through vi/, the 
vertex of the cono, will contain a line v t, v't' drawn through 
vi/ parallel to those generating lines. Hence the horizontal 
graces of all the cutting planes will pass throngh t, the hori- 
zontal trace of the line v t, j/C. 

The line h t, meeting the horiaontal trace of the cono at h 
and I, and the horizontal trace of the cylinder at m and n, is 
the horizontal trace of one of the cutting planes. This plane 
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will intersect tlie surface oi the cone in two straight lin 
of which » h and v I are the plana, and v'h' and v'l' the el 




vations. The same plane will intersect the surface of the 
cylinder in two straight lines whose plansi pass through m 
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and 11 and are parallel to the plans of the generating liiiea of 
the cylinder, and whose elevations are parallel t-o the eleva- 
t'o 3 of tbese lines aa shown in the figure. 

Ihe p nt pp qi ri', es', determined by the inter- 
S fc n f th f u 1 ea, aw points on the curve of inter. 

. t id 

In 1 ke man any number of points may be determined 
and ti u e d awn as n former problems. 

In the figuie only thiee catting planes are shown, but the 
student will, of course, in working the problem take a larger 
number. 



PROBLEM 138. 
To determine the intersection of two cones. 

Tlie student will have no difflenlty with thia problem if 
be baa rightly understood the preceding ones of this chapter. 
In thia case the cutting planes are made to contain the vertex 
of each cone ; therefore they will all contain the line joining 
these yerticea. Hence the horizontal traces of all the cutting 
planeB will paaa through the horizontal trace of the line join- 
ing the vertices of the cones. 



PROBLEM 139. 
To determine the intersection of a sphere toiik a prism or pyramid. 
The surface of a prism or pyramid is made up of plane 
faces, and the interaections of these faces with the surface of 
the sphere may be determined by Problem 114. These inter- 
sections will be portions of circles (wboae projections are 
generally ellipses) meeting one another at the points where 
the edges of the priam or pyramid meet the surface of the 
ephere. These latter points should be determined separately 
by Problem 66. 
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PEOBLEM 140. 



To detertiiine Hie intersection of a cylinder and a surface of 
revolution. 

In all the problems whiob we have yet considered on the 
intersection of enrfaoes, we have cut them by planes in order 
to find points on the line of intersection. Now, the only 
simple plane section of a surface of revolution is in general 
one at right angles to its aiis, which will always be a circle ; 
but it is evident that only in very particular cases would the 
plane which outs the surface of revolution in a circle, cat the 
surface of the cylinder in a circle or in straight lines. Por 
instance, the plane which cuts the surface of revolution in a 
circle might intersect the cylinder in an ellipse, and it would 
clearly be a laborions process to construct an ellipse for each 
ciittiog plane. Plane sections are, therefore, in general not 
suitable for the working of this problem. 

Instead of cutting the surfaces by planes we cut them by 
cylinders, whose generating lines are parallel to those of the 
given cylinder, and which have circular sections of the surface 
of revolution for directrices. These cylinders may be said to 
cut the surface of revolation in circles, and they will cut the 
given cylinder in straight lines, the intersection of which 
with the circles will determine points on the required inter- 
section. 

In order that the circular sections of the surface of revola- 
tion may be projected into circles and straight lines the axis 
of revolution must be arranged perpendicular to one of the 
co-ordinate planes (generally the horizontal plane). 

Example. An oblate spheroid— oms 2", diameter 3" — having 
its axis vertical, is penetrated by a cylinder 2" in diaineter. The 
elevation of the axis of the cylinder ;passes through the centre of 
the ellipse which is the elevation of the spheroid, and makes 46° 
tvith X Y. The plan of the axis of the cylinder is ^" distant 
from, the centre of the circle which is the plan of the spheroid, 
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a'lid tnalies 30° tvith X T. To draw the projections of the mter- 
aectum of these tvx> solids. 

The ellipse which ia the horizontal trace of the cylinder 
may be determined as in Problem 112, p. 47. 

Fio. 16B, 




Tate any circular section, a b, a'V, of the spheroid, and 
i/nagine a line to move so as to always meet this circle and 
be parallel to the axis ttom, m'n' of the given cylinder. This 
moving line will describe the surface of a cylinder every 
Jiorizojital section of which will be a circle eqnal to a 6, alh'. 
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T!ie axis h o, It'o' of this auxiliary cylinder will be parallel to 
)iin, mfn', and a circle with the liorizontal trace of ho, h'o 
for centre and a diameter equal to that of a i, a'h' will be the 
homontal trace of this cylinder. 

The points r and s in which the horizontal truce of the 
auxiliary cylinder meet the hoirzontal trace of the given 
cylinder are evidently the horizontal traces of the lines of 
interaeetion of these two cylinders. 

The plans p r and 5 s of these lines will be parallel to m n, 
and their elevations pV and g's' will be parallel to tn.'n'. 

The points p and q, where the lines p r and g s meet the 
circle a i, are the plana of points on the intersection required, 
and the points p'g', where the elevations of these lines meet 
a' V, are the elevations of the same points. 

But the student wilt observe that the lines j) r and q s each 
meet tbe circle a Zi in two points. The question, therefore, 
arises, are all the four points thus obtained points on the inter- 
section required P and, if not, which ones most we take ? 

The answers to these questions will appeai" from the 
following considerations. One half of each of the clroles 
A B and E. S lies on the under and the other half on the 
upper surface of the anxiliary cylinder. The plans of these 
halves will be found by drawing through A and o diameters 
perpendicular to o k. The semicircles to the right of h and o 
will be tbe plana of those halves of the circles which are on 
the under surface of the auxiliary cylinder, while those to the 
left of k and o will be the plans of those halves of the circles 
which are on the upper half of the same cyliader. 'From this 
we see that the point S and the line Q S are on the upper half 
of the auxiliary cylinder, therefore the point g must lie on the 
semicircle to the left of o, and it is evident that the line Q S 
can only meet the circle A B at one point, because the line 
and the circle are not ia the same plane. Reasoning in the 
same way, we find that j) lies on the semicireie to the right 
of 0. 

By taking other auxiliary cylinders and proceeding in the 
same way we may determine any number of points on the 
intersection required. 
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PROBLEM 141. 



2b determine the interseotion of a cone and a surface of 

revolution. 

The solution of this problem is very like that of the pre- 
ceding^ one. As before we will aBsume that the axis of the 
surface of revolution ia vortical. In this case the ausiliary 
surfaces are cones whose vertices coincide with the vertex of 
the given cone, and whose directrices are circular sections of 
the surface of revolution. The horizontal traces of these cones 
will be circles whose centres will all lis on tho straight lijie 
passing through the plan of the vertex of the cone and the 
centre of the plan of the surface of revolution. These circles 
will not have the same diameters as the circles on the surface 
of revolution which are the directrices of the cones ; their 
diameters are, however, easily found by taking elevations of 
the cones on a vertical plane parallel to their axis (which, of 
coarse, all lie in the same plane with the vertex of the given 
cone and the axis of the surface of revolution). 



PROBLEM 142. 
To determine the intersection of two smrfaces of revolution when 

As all sections of a surface of revelation by planes per- 
pendicular to its axis are circles, and since the axis of the 
given surfaces are parallel, the same plane wilJ, if it cuts both 
surfaces, cut them in circles the intersection of which with 
one another determines points on the intersection required. 

The surfaces of revolution should be arranged so that their 
axes are perpendicular to one of the co-ordinate planes. The 
projections of the circles mentioned above will then be circles 
and straight lines, which are easily drawn. 
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PROBLEM 143. 



To d^ermme the mterseetiort of two surfaces of revolution wh&n 

their axes are not pcvrallel, hut meet one (mother. 

Let the snrfacea be placed so tiat their axea are parallel to 
the vertical plane, and one of them perpeadicnlar to ih.e 
horizontal plane. 

Denote the surface whose axis ia vertical by M, 8,nd the 
other by !N, and the point where their axes meet by 0. 

Conceive a sphere having its centre at 0, and intersecting 
each of the given surfeces. The intersection of this sphere 
with M will be a, circle, A B, whoso plane ia horizontal, and 
whose plan will therefore be a circle, a b, and elevation a 
straight line, a'b'. 

The intersection of the sphere with N will be a circle, D, 
whose elevation, e'd', will be a straight line, bnt whose plan 
(which need not be drawn) will be an ellipse. 

The point where a'b' meets c'd' will clearly be the eleva-. 
tion of the points where the circles A B and C D moot ono 
another, and will therefore be the elevation of two points on 
the intersection required. 

A perpendicular to X Y from the point of intersection of 
a'b' and c'd', to meet the circle a & at ^ and 3, determines the 
plans of two points on the intersection required. 

By taking a sufficient number of spheres, having their 
centres at 0, any number of points on the intersection of the 
two given anrfaces may be determined in the manner just 
explained, 

PROBLEM 144. 
To determine the intersection of two surfaces of renoliiiion when 

their oites are not parallel nor inierseetmg. 

There is no simple solution of this problem. The easiest 
way is as follows : First, place the surfaces so that their axes 
are parallel to the vertical plane and the axis of one of them 
perpendicular to the horizontal plane. Kext cut the surfaces 
by horizontal ])lanos. 
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The eections of ite surface whose axis is vertical by these 
planes will be horizontal circles, and can therefore he easily 
showu. The sections of the other surface by the same planes 
will not be circles or curves, which are easily drawn. Tlie 
elevations of these latter sections will be easily drawn since 
they are straight lines, but their plans will have to be found 
hy determining a number of points in them, and drawing fair 
curves through thera. 

The intersection of the sections of the two surfaces by 
these horizontal planes determines points on the intersection 
required. 

In drawing the plans of the sections of the surface whose 
axis ia inclined, only those portions need be shown which it is 
thought will cut the plans of the corresponding sections of the 
other surface. 

PROBLEM 145. 
To deiermine the intersection of prisms and pyramids with one 

The surfaces of prisms and pyramids arc plane surfaces, 
and the intersection of these with one another will be straight 
lines, which may be determined by the rules for the intersection 
of planes. 

Some cases of this problem, although simple enough in 
theory, are somewhat difficult in practice, owing to the large 
number of lines which occur, and they can only be correctly 
done by exercising very great care in the working. 

ExAMPLK 1. A rig kt prism, having for its hose an equilateral 
f/ria/agle of 2|" side, has its axis vertical, and tme face parallel to 
fhs vertical pla/ne. A square prism, side of sgware IJ", whose 
asxis is horizontal and inclined at 40° to the veriiaal plame, pene- 
trates the first prism eo tltat their axes intersect. One face of the 
square prism is inclined at 60" to the horizonial plane. To show 
tlie elevation of the intersection of the two solids. 

Through the points where the plans of the horizontal 
edges of the square prism meet the sides of the triangle. 
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which is the plan o£ tte veitical prism, draw perpeni^icnlare 
to X Y to meet the elev^tioni of these honzoBtal edges. This 
will determine a rumbei of pomt'i m the intersection. Nest 
determine the pomts wheie tho edges of the vertical prism 
meet the faces of the horizonfil piitm by taking an auxiliary 
elevation o£ the solids on a plane peipendicular to tiie axis of 




the horizontal prism. This auxiliavy elevation is of coarse 
required, first of ail, for drawing the plan of the horizontal 
prism. By joining the points fclius found in the proper order 
we get the required intersection. In fig. 156 the elevation of 
the square prism is not shown. 

Example 2. A $qv,ar6 ^yra/mid — iase 2^" side, axis A" — 
stands on ihe IT.P. wUh one side of its base mdi/ned cd 30" to 
XT. This solid is penetrated hy a sq-aare prism, iase 2" side, 
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whose axis is horizontal and inclined at 10° to the V.F. The 
lower horizontal edge of the prism outs the oms of the pyramid 
at a point ^" above the H.P., and a face contadmrn/ that edge is 
incUned at iO°. To show the plan and elevation of the solids 
and their intersection. 

Make an auxiliapy elevation on a plane perpendicular to 
the axis of tie prism. 

To determine tlie points of intersection of tlie edges of the 
pyramid with the faces of the prism. — The auxiliary eleva- 
tiona of these points will be where the auxiliary elevations of 
the edges of the pyramid meet the sides of the square, which 
is the auxiliary elevation of the prism. Perpendiculars from 
these to the new ground line to meet the plans of the edges of 
the pyramid determine their plans, from which the elevations 
can lie at once projected. 

To determine the intersection of the edges of the prism 
with the faces of the pyramid, cut both solids by planes con- 
taining these edges and the vertex oE the pyramid. Find the 
lines of intersection of these planes with the pyramid. The 
points where the latter lines meet the edges of the prism are 
the points required. 

Now join the points thtis determined in the proper order ; 
that ia to say, see that before two points are joined iliey both 
lie on the same face of the prism, and also on the same face of 
the pyramid. 



EXEECISES. 

Note — The shident should draii the developments of as fna/mj 
of the surfaces m the following exe/ieises as possible, showing 
also the development of their Uties of intersection 

1. A honzontal cylinder 1^ m d ameter penetrates a 
vortical eylmdei 2 ' m diametei Show an elevation of their 
intersection on a plane parallel to then axes (o) when the- 
axes mteiocct (') when the axiti of the honzontal cylinder 
is I" in irtDt of tie isisof the vtitiisUjl i dei (r) when 
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the asis of tlio horizontal cylinder is \" in front of tie axis o£ 
the vertical cylinder. 

2. A cjlindrical boiler sheU. 5 feet in diameter is aunnoiinted 
by a cylindrical steam dome 3 feet in diameter, the top of the 
latter being 5 feet 6 inches from the asia of the former. Show 
an elevation of the intersection of the dome and shell, and 
obtain the development of the dome. Scale ^th. 

3. Draw the elevation of the mfcei section of a vertical 
cyUnder 3" in diameter with a cyhnder 2' ' in diameter, whose 
axis is parallel to the vertical plane, but inclined at 45° to the 
horizontal plane. The axis of the latter cylinder is f ' in 
ftont of the axis of the foimer 

4. A vertical hollow cylinder — external diameter S",thick- 
neBS'^S"— is penetrated byihonzont ilt^linder 1" in diameter, 
the distance between theii axes being G Draw an elevation 
showing their intersection on a veitical plane, making an angle 
of 30° with the axis of the horizontal cjlinder. 

5. Two cylinders lying on the ground have the plans of 
their axes at right angles The diameter of the one is 2" and 
of the other 2a". Draw a plan. 

6. A cylinder, 2J" long and 1^" in diameter, ia penetrated 
by another of the same length, bnt of only two-thirds its 
diameter. The axes of both are horizontal and their plans 
bisect one another at right angles ; but the axis of the 
smaller cylinder is ^" above that of the larger. Draw the 
plan and an elevation on a V.P., which makes an angle of 30° 
with the axis of the larger cylinder. 

7. A cylinder 2|" in diameter, axis vertical, is penetrated 
by another 2\" in diameter, having its axis inclined at 45° to 
the H.P. The ases of the cylinders are ^" apart. Draw an 
elevation of their intersection on a ground line inclined at S0° 
to the plan of the axis of the smaller cylinder. 

8. A vertical inhe—outside diameter 3", inside diameter 
1|"— has a cylindrical hole bored through it 1^" in diameter. 
The axia of the hole is inclined at 45° to the H.P., is \' from 
the axis of the tube, and its plan makes an angle of 25° with 
XY. Draw the elevation. 

9. A B, C D, and E F are three horizontal straight lines 
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which are ^", 1", and 1^" aboye the H.P. respectively. The 
plana of A B and D make angles of 30" with X Y, and the 
piau of B F is perpendicalar to X T. The pla.n3 of the three 
lines meet at a point. Determine the projections of all the 
points which are distant 1^" from each line. 

10. Draw a triangle, A B C ; A C = 2^", angle B A C = 
angle B A ^ 50°. On the same base A C draw a triangle 
ADC; angle D A C = 55°, angle D C A = 50°. The points 
BandD to be on opposite sides of A C, wliichia on the ground 
line. A B is pari of the plan and D C is part of the eleva- 
tion of the axis of a cylinder, whose horizontal trace is a circle 
2" in diameter, B is part of the plan and A D is part of 
the elevation of the axis of a cjlinder, whose horizontal trace 
ia a cicole 1^" in diameter. Draw the projections of the curve 
of intersection of the two ojlinders, 

11. The ioriaontal trace of a cylinder is an ellipse 3" x 2", 
whose major axis is inclined at 60° to X T. The horiaontal 
trace of another cylinder ia a circle 2^" in diameter, whose 
centre ia 3" from the centre of the ellipse, and at the same 
distance from X Y as the latter point. The axis of the first 
cylinder is inclined at 50° to the horizontal piano, and its 
plan is in the direction of the major axis of tke ellipse. The 
axis of the second cylinder is Inclined at 45° to the horizontal 
plane, and its plan is at right angles to the plan of the asis of 
the first cylinder. Show the projections of the intersection 
of the two cjlipders. 

12. A cylinder 2J" in diameter and a cone — base 2J" 
diameter, axis 3" — stand on the H.P. with their axes vertical. 
The centres of their bases are 1^" apart, and are in a line in- 
clined at 45° to X Y Draw th 1 -at n of the two solids, 
showing the line f te t n f th urf^ce=! 

13. A cone — b 3 d m t 'standing on the 

H.P., is cut by a h tal yl d li m diameter, resting 

on the H.P. Ih f th jl d is | in fiont of the 

axis of the cone D w pi n d 1 vation showing the 
intersection of the sohds. 

14. Draw a line, a h, S^" long, a is the centre of a circle 
2f" in diameter; b is the centre of an ellipse S|" X 3", whose 
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major axis is ia the direction of a h. The circle ia (he hori- 
aOTital trace of a vertical cylinder, and the ellipse ia the 
horizontal trace of a cone, whose vertex has its plan at a dis- 
tance of 6" ironi 6 and 2f" from a. The height of the Tertex 
of the cone is 4^". Draw an elevation on a ground line in- 
clined at 30° to a 6. 

15. A cone having a base 2y in diameter, and an axis 
3^" long, has the latter inclined at 60° to the H,P. A 
cylinder 1^" in diameter penetrates this cone. The axis of 
the cylinder is horizontal and perpendionlar to the asia of the 
cone, and meets tte latter line at a point 2J" from the vertex 
of the cone. Draw a plan showing the line of intersection of 
the surfaces ; also an elevation on a gronnd line iuclined at 
50° to the plan of the axis of the cone. 

16. Draw an ellipse 4" x 2|", v^o being the minor axis 
and 6 its centre. Draw i a perpendicular to d^c, and 3" long. 
With centre a describe a circle 2|" in diameter. Produce b a 
to meet the circle at ii,. The circle ia the horizontal trace of 
a cone, having v^ for the plan of its vertex. The ellipse is the 
horizontal trace of a cone having itj for the plan of its vertex. 
The height of Vj fe 2^" and the height of Y^ is 5". Show 
the plan of the intersection of the surfaces, and an elevation 
on a ground line parallel to ft 6. 

17. Two lines, ah, ciZ, each4/' long, intersect at right angles 
at a point 1" from a and V from o. These linesaretho major 
axes of two ellipses whose minor axes are each 2|" long. 
Th 11 p th 1 iz t 1 1 ac f tw Th 

h mg ti II J It t h n tit h th po t i 

f tl pi ft t Ih th h tl ] t ti 

f th [1 ft t Th Itt d f h 4 

D -aw th pi f th es h w t, tl t t 1 
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the lai^er. Both cones stand on the H.P. Sbow tbe inter- 
section of tie two cones. 

19. I>raw a triangle, sides 1^", If', and 2". With the 
centre of the civcam scribing circle and a radins of 1 j" describe 
a circle. The circle is the plan of a sphere, and the triangle 
the plan of a vertical slot cnt in it. Draw an elevation of the 
sphere on a gcound line parallel to the shortest side of the 
triangle. 

20. The base of ft pyramid standing on the H.P. ia an eqni- 
lateral triangle of 2" side. The plan of the apex of the pyramid 
is at the middle point of one side of its base. Altitude 
2J". A sphere, 2" diameter, resting on the H.P., has tie 
plan of its centre at the centre of the base of tie pyramid. 
Draw the plan of the solids and an elevation on a gronnd line, 
making 70° with that side of the base of the pyraniid which 
contains the plan of its vertex, showing their intersection, 

21. A sphere 3" diameter stands on the H.P. A square 
pyramid— side of base 2^", altitude 4^" — also stands on the 
H.P. The axis of the pyramid is ^" from the centre of the 
sphere. Draw a plan and an elevation on a V.P. parallel to 
the plane containing the asia of the pyramid and the centre 
of the sphere, one side of the base of the pyramid being in- 
clined at 30° to X T. 

22. A surface is generated by an elHpse 3" x 2", rotating 
abont ite minor asis, which is vertical. A vertical cylinder 
has an ellipse 3" X 2" for its base, which is in the H.P. The 
centre of the plan of the cylinder coincides with the centre 
of the circle, which is the plan of the surface of revolution. 
Draw an elevation showing the intersection of these two sur- 
faces on a ground line, inclined at 40° to the major axis of the 
plan of the cylinder. 

23. In fig. 157, a h, a'V are the projections of a surface of 
revolution. The points v v' are the projections of the vertex 
of a cone, whose horizontal trace is an ellipse i" X 2|", of 
which 'lis the major asis. Show the plan and elevation of 
tbe intersection of tiae two surfaces. 

24. A right circular cylinder, 2^" in diameter, and a right 
circular cone — base 2|" diameter, axis S"~stand on the 
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horizontal plane witli their axes vertical. The centres of tbeir 
Iraees are 1^" apart, and are in a line inclined at 30° to X T. 
Draw the elevation of the two solids, showing ilje line o£ 
interaection of their surfaces. 

25. A sphere 3" diameter is cnt by a cylinder 1^" diameter. 
The axis of the cylinder (which is vertical) is |" from the 
centre of the sphere. Show an elevation of the sphere on a 
plane inclined at 30° to the plane containing the axis of the 
cylinder and the centre of the sphere. 

26. A prolate spheroid, a meridian section of which is an 
ellipse 3|" X 2^", has its axis vertical. A second equal 
spheroid has its axis inclined at 50°, and the upper extremity 
of that axis coinciding with the upper extremity of the axis 




of the first. Draw a plan and an elevation on a plane parallel 
to the axes of the solids, showing their intersection. 

27. Determine the intersection of the solids given in the 
preceding exercise, when the axis of the second ia inclined at 
60°, and is moved backwards J" from the axis of the first ; the 
upper extremities of the axes remaining at the same height 
from the horizontal plane. 

28. Fig. 168 shows the plan of a horizontal square prism 
intersecting a vertical hexagonal prism. The side of the 
hexagon is 1^". Each prism is 3" long and the axis of the 
square prism is IJ" above the base of the hexagonal prism. 
Draw an elevation of the solids on X T, showing their inter- 
section. 

29. The plan of & right triangular prism intersecting a 
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vertical hexagonal prism, stfmding on tie H.P., is giyen 
(%. 159). The ends of the triangular priam are equilateral 
triangles of 2^' side, and its axis ia inclined at 30° to the H.P, 
The length of each prjsra is 4^". The edge A B is in the 
H.P. ; side of hesagon 1^". Draw an elevation on X Y. 

30, Fig. 160 shows the plan of a horiaontal square prism 
aad a pejitagonal pyramid. The base of the pyramid and 
one edge of the prism are on the H.P. Side of pentagon 
1'5"; Leight of pyramid S"; length of prism 3", Draw 





1 and an elevation on a ground line parallel to a h, 
a both projections the intersection of tbe s 
the solids. 

31. A solid is formed of two equal right 
pyramids. Bases of pyramids IJ" aide, axes 3" long. The 
axes of the pyramids cut each other at right angles at a point 
1|" from the vertex of each pyramid. One pyramid stands 
with its base on the H.P,, and has one side of that base 
parallel to a horizontal side of the base of the other pyramid. 
Draw a plan of the solid and an elevation on a V,P., making 
an angle of 30° with the plane of the axes of the pyramids. 
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CHAPTER XVII, 

PEOJECTION OF : 



Ih ^ Eomogotieous medium light tiayels in stmigH hae^, and 
m this ciiaptei it will always be aaiumed ihit the medium 
thiougli Tvliich the light pjase^ is homo gen eon^ 

If an ojiiqne body be placed betore a souice of light pii t 
of the surface of the former will be illuminated and the 
remamdei left m darkness Also a portion of the light frtm 
the luminous body will be mteicepted and a poition of the 
ap'ice behind the opaque body will be m darkness This dark 
sp<ice behind the opaque body is cilled the skadim of that 
body The surface which bounds the shadow is the hhadow 
viiface, and the Ime on tliB surface of the opujue body nhich 
■iepaiates the lUamined from the unillumuied pait is the shade 

It IB eyident that the shadow surface is a luled suiface, 
and that its directiix is the shade hue 

The intersection of the shadow snifdce with any oihei 
burface which it meets is the casi shadow of the opiique body 
on that sniface,bnt geneially the cast shadow is eiUed simplj 
the shadow 

The ontlme of Ihe cast shadow of an opaqie body is 
evidently the cast shidow of ito shide line In treneral the 
cast shidow lb best determined by first finding the shade 1 nc 
and then the cist shadow of that line especially is this the 
case when the snifice upon which the shadow is cast ih other 
than a single plane 

The iiys of 1 ght mi,y be paidllel or they may diveige 
fiom a point or coarerge to a point If the he;ht comes fiom 
X gieat difataiice as from the sun, the lays are piactically 
paiallel It the light comes from a point which is piactically 
the case when the luminous body is very small, the ra'ys 
diveige ftom that point m ill directions Eajs of light may 
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be made to converge to a point by aid of a reflector or a, lens 
of suitable form. 

It will always be aasumed that the beam of light is large 
enongh to embrace tbe whole of the object whose shadow we 
wish to determine. 

PROBLEM 146. 
To ddermme the cast shadow of a point. 

Draw the projections of the ray of light wbich is inter- 
cepted by the given point, and determine the point of inter- 
section of the ray with the surface upon which the shadow is 
cast. This point of intersection is the shadow required, 

It is understood that any sarface upon which a shadow is 
ast ] q f H it can only have one 

hdwwth y mfllm tn, and a ray of light 

wh h m t d t pi ot meet the other, 

alth h th 1 wh h rep t ty ha\'e botb a hori- 

aontal aaid a t al t 

PROBLEM 147, 
To detemiine the cad shadow of a line, straight or aurved. 

If the line is a straight line, then, whether the rays of 
light are parallel or proceed from a point, it ia evident that 
all tbose which meet the line are in the same plane, so that 
the shadow cast by the line on any surface wili be a portion 
of the line of intersection of this plane with the snrfaoe. The 
extremities of the cast shadow of tho line will be at the cast 
shadows of its extremities. 

If the shadow of the straight line ia cast on a single plane, 
determine tho shadows of its ezfcremities by the last problem, 
and then join them for the required cast shadow. 

If the line is a curved line, and the rays of light are 
parallel, all those rays which meet the line will lie on a 
cylindrical surface ; but if the rays all proceed from a point, 
tbose which meet the curved line will lie on a conical surface. 
The intellection of the fore-mentioned cylindrical or conical 
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surface with tlie surface -wHob. receives the cast ahadow is the 
cast sliadow required. 

Generally whea the lia.e is carved we determine its cast 
shadow by finding, by the preceding problem, the cast shadows 
of » number of points iu the line, and then drawing a faii' 

The sfcadent shoald remember the following simple case. 
The oast shadow of a circle on a plane parallel to the plane of 
the circle is a circle whose centre is at the cast shadow of the 
centre of the given circle. The diameter of the circle which 
forma the cast shadow will be greater than, equal to, or less 
than the diameter of the given, circle according as the raya 
of light are divergent, parallel, or convergent. 



PROBLEM 148. 
To determme the cast shadnvj of a solid having plame faces. 

It is evident that one part of a face cannot be in light and 
another part in shade. Hence the shado line mnat be made 
up of the edges of the solid. Those edges which mate up the 
shade line can very often be determined by simple inspection. 
If there is adonbt as to whether a particular edge is a portion 
of the shade line or not, draw the projections of a ray of light 
throngh any point in it, and determine whether it leaves the 
faces of which the edge in qneation is the intersection on the 
pame or on opposite stdea. This is done by finding the traces 
of the fitces and also the traces of the line which represents 
the ray of light. If both traces of the ray fall outside the 
traces of the faces, then the ray leaves the faces on opposite 
sides and the edge is a portion of the shade line. Bat if one 
or both of the traces of the ray fall within the traces of the 
faces, the ray leaves the faces on the same side, and the edge 
is not a portion of the shade lino. 

Having determined the shade line, its cast shadow, which 
is the outline of the cast shadow required, can bo determined 
by the preceding problems of this chapter. 

Instead of first determining the shade line we might 
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determine tlie shadow cast by each edge, and then neglect 
those which fall within the boundary line of the fignre which 
is obtained. 

We might here point out that the cast shadow of an 
object is the outline of a parallel or conical projection of it, 
according as the rays of light are para,llel, or proceed from 
or to a point. 

PKOBLSM 149. 
To deiprmine the ihadiw of a njlindpr 

The shade line will consist generally of two etriight lines 
and two curved lines The etiaight lines iie the hnes ot 
contd,ct of the tangent planes to the c>hnder, paiallel to tht 
lays of light or paaamg thiough the Inmmons pimt 

Ooncene a plane to contizn these stiaight lines Thi-< 
pline will divide each end of tht, c) Unlet into two aegments 
and the curved boundiry line of one of these segments on 
each end will constitute tho cnived pairta of the shide line 
Those begments of the ends which must he taken for the 
shade line will naually be evident irom inspection 

In the pirticnlar ca-je where the rayi of lisfht diveige 
fiom a point withm tho suiUce of the cylinder produced the 
shade line will be the outime ut thit end of the cylinder 
which IS nearest to the laminoHs point 

Eavmg detcimiiied the sIiwIl line, the shadow cast by the 
cylinder on any given surface can be determined by Problem 
14?. 

PEOBLBM 150. 

To determine the shadov) of a cone. 

Tho sliade line in this case consists generally of two 
straight lines and one curved line. The straight lines are the 
lines of contact of the tangent planes to the cone parallel to 
the rays of light or passing through the Inminous point. 

A plane containing these straight lines will divide the 
base of the cone into two segments, and the curved boundary 
liue of one of these will bo the curved part of the shade 
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line. The segment of the base which mnat be taken for the 
curved part of the shade line will usually be evident from 
inspection. 

In those oases where tangent planes cannot be determined 
paiullel to the rays, or containing the In mi nous point, i.e. T^hen 
the line wliich represents the ray o£ light which meets the 
vertex passes inside the earfaceof the cone, the shade line mill 
simply consist of the whole ontUne of the base of the cone. 

PROBLEM 151. 
To det&miine the shadow of a sphere. 

If the rays of light are parallel the shade Imo will be the 
line of contact of the enveloping' cylmdei, whose axis is parallel 
to the direction of the rays o£ light This cylinder is de- 
termined by Problem 112, and ita inteisection with any given 
surface will be the outline of the cast uh'viow oi the sphere on 
that surface. 

If the rays of light proceed from a point, the shade line 
will be the line of contact of the enveloping cone whose vertex 
is at the luroinouB point. This cone is determined by Problem 
113, and its intersecrion with any given surface determines 
the cast shadow of the sphere on that surface. 



PROBLEM 152. 
To determine the shadow of a surface of revolution. 

This is just an appJication of Problem 129 or Problem 130, 
according as the rays are parallel or (^iveigent. 

EXERCISES. 

1. A square of 1" side is horizontal and ^" above tlie 
horizontal plane, one side being in the vertical plane. Show 
the shadows thrown by this square on the co-ordinate planes. 
Both projections of the rays of light make 45° with X T. 
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2. Draw a square, a'b'rJd', oi 1" aide, the lowest side, a'h' , 
being ^" above X Y. Join »'c'. a'h'a' is the elevation of a 
triangle whose plane ia parallel to, and 1" in front of, the 
vertical plane, d' is the elevation of a point which is 2^" in 
front of the vertical plane. Determine the shadows cast by 
the triangle A B C on the planes of projection, the rays of 
light all coming from the point T). 

3. The traces of a plane both make 45° with the ground 
line. A circle 2" in diameter, whoso plane is torizontal and 
1^" above the horizontal plane, touches this inclined plane. 
Show the plan and elevation of the cast shadow of the circle 
on the inclined plane, the rays of light being perpendicnlar to 
that plane. 

4. Determine the shadow cast by a onbe of I3" edge on 
the horizontal plane, its base being horizontal and 1" above 
the horizontal piano. The rays of light to be parallel to one 
diagonal of the solid. 

5. Determine the shadows cast by the following solids on 
the borizontal plane ; the rays of light being paiallel and in- 
clined at 46° to X Y in plan and elevaf an 

(o.) A hexagonal prism Tidge 1 axis 1^ ) axi~, vertical 
base y above the hoiizontal plane and one rectangulai face 
inclined at 10° to the verticil plane 

(b) A tetrahedion edj^e 1 base f above tl e hoi zont ! 
plane; one aide of biso paiallel to the vertical flan 

6. A tetrahedron of 1^ e%e has its three lowest an les, 
0'4", 1", and 1-3' resj ectively above the horizontal plane 
Show the shadow thrown by it upon tl at plane a-isnming 
the rays of light to be inclined at 45° and the r plans to 
make an angle of 4.)° with the hoiizoi tal tiac« of the pUne 
containing the three given points 

7. A hexagonal piism (base 1^ a ile, hei|,ht 1\ )BtanI'i 
on the horiaontal plane, with one face inclined at 15° to the 
vertical plane. The nearest vertical edge is \" from the 
vertical plane. Show the shadow thrown on the horizontal 
and vertical planes by raya of light whose projections make 
45° with the ground line. 

8. Draw two sc[narea of I5" side, so that a side of one co- 
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iueidee witli a side of the othei These squares ^ f the 1 ises 
o£ a cnbe and a right pyiamidbotl standiiig on the hon? utal 
plane. Altitude of pyramid 2| Deteimme the shadow caab 
!>y the pyramid on the cube also tte bhidow cast by each, on 
the horizoota! plane. The rays of light to be incliiiBd at 45°, 
and their plans to be pirallel to the bi e j Dining the centre 
of one square with one of t! e faithes,t dway eom6r=i of the 
other. An elevation to be diawn. on a giound line parallel to 
the plan of a ray of li^ht In both views the parts tt the 
surfaces of the Eolids in shade mu?t le shown 

9. Draw two hexagons of In- side their centres be ng 
Sg" apart aad a diameter of each perpendicular to XT. One 
he.xagon is the base of a right prism, and the other is the base 
of a right pyramid. Both stand on the ground. Altitude of 
each solid 41'. Determine the shadow cast by the prism on 
the pyramid, and the shadows of both on the ground. The 
elevatioDS of the rays of light make 60° and their plans 20° 
with X Y. In both plan and elevation the pai'ts of the 
surfaces in shade are to be shown. 

10. A solid is formed by the junction of a right cone and 
a right cylinder. Diameter of the base of each 2'5", axis of 
cylinder 3", of cone VTb". Draw plan of solid when the base 
of the cylinder touches the horizontal plane, and the common 
axis is inclined at 59°, Add the shadow thrown by rays of 
light, making in direction an angle of 40° with the plan of the 
axis and having an inclination of 55°, 

11. A right cone, base 2" diameter, axis 2'5", has its base 
horizontal. Mid 1" above the ground. Determine the east 
shadow of this cone on the ground, the rays of light being 
parallel and inclined at 50°. 

12. A cylinder, 2" in diameter and 2" long, lies on the 
horizontal plane with its base in the vertical plane. Show 
the shadow thrown by this solid on each plane of projection 
by rays of light whose plans and elevations make 45° with 
the gronnd line. 

13. A right cone, base 3" diaraetor, axis 3'5", lies with its 
slant side on the horizontai plane. Determine its shadow 
when the rays of light forming it are inclined at 43°, and 
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mako in direction an angle of 35° with tlie plim of tLe axis. 
Tte base of the cone to be in shadow. 

14. A cylindrical sq^uare-headed bolt has the following 
dimensions. Diameter of shank l'?" ; length of shank 1'8" ; 
thickness of head -S"; width of head 2'3' . This bolt stands 
with its circnlar end on the ground and one face of the head 
parallel to the yertical plane. Determine in elevation the 
shadow cast by the head on the shank, and also that cast by 
the whole solid on the horizontal plane. In plan the rays of 
light make 23° with the gronnd line, and in elevation 40°. 

16. Acylinder, 1^" in diameter,lies on the horizontal plane ; 
a cone — base 2'3" diameter, altitude S'?" — has its base on the 
horizontal plane. Show the shadow of the cone thrown on 
to the cylinder by parallel rays of light inclined at 38° to the 
horizontal plane, their plana making 68° with the plan of the 
asis of the cylinder. 

16. A right circular cylinder, I'S" diameter and3'6" long, 
stands on the horizontal plane. A plane inclined at 56° has 
its horizontal trace 1" from the centre of the base of the 
cylinder. Draw a plan of the shadow cast by the cylinder on 
the inclined plane, and an elevation of it oo a ground line 
making 52° with the horizontal trace of the plane. The rays 
of light are parallel and inclined at 55°, and their plans make 
40° with the horizontal trace of the plane. 

17. A sphere, diameter 2'5", stands on the horizontal 
plane. Draw the shadow on that plane projected by rays 
from a luminous point 2-5" high, and in plaa distant 2'25 
from the plaa of the centre. Show also the bonndary between 
light and shade on the sphere. 

18. A sphere of 25" diameter rests on the horizontal plane. 
Its shadow, produced by rays of light diverging from a lumi- 
nous point, is a parabola, the distance between whose focus 
and vertex is ^o". Determine the position of the lumlnoua 
point, and draw a portion of the parabola. 

19. Determine the shadow cast on the horizontal plane by 
the solid of revolution given in Exercise 23, Chapter XVI. ; 
also the outline of the shaded portion of the solid. The rays 
of light in plan and elevation make 45° with the ground line. 
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CHAPTER XVIII. 




Trihedrtd Angles. — The angle furmed by three planes meet- 
ing at a point is (Sailed a triJiedral aatgh. The angles between 
the Unea in which the three planes intersect are the aides or 
faces, and the dihedral angles between the planes are the angles 
I of the trihedral angle. Thus, ja fig, 

g ■ 161, the three planes SLM, SMN, 

and S H" L form at S a trihedral angle. 
Tl pi gl LSM MSJT A 

JSfSL h d f h t ih d 1 

gl i tl d h dral gl b 

th gl 

If a ph rt. b pla* d w th t 
t t =^ th th pi wh h 
f mth tnl di 1 angl w 11 fc t 
the surface f tl [ h th g t 1 h b w 11 

intersect on th 1 ± m h t 11 d j 7 I 

triangle. 

The sid d 1 f ph 1 t gl th d 

and angles t tb t h d 1 1 wh h t bt d t th ti 
of the sphe H th It i i h 1 ti gl 
jnst the sol t f t h dnl gl 

Iffi-om p t 0(iig 1 1) p p 1 nl OP OQ d 
OR be let fallen the faces SLM, &M^,ai)d &NL of the 
trihedral angle S, these will be the edges of a trihedral angle, 
0, which has the remarkable properties that its angles are the 
snppleraents of the sides of the angle 8, and its sides are the 
supplements of the angles of the angle S. The trihedral angles 
and S are therefore Killed supplementary. The following 
notation is Qsed to denote the elements of trihedral angles or 
of spherical triangles. The three angles are denoted by the 
capital letters A, B, C, and the three sides by the itahc letters 
a, b, e, the sides a, 6, and c being opposite the angles A, B, wnd 
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C respeotivehf. The elements of the supplementary trihedral 

angle are denoted by the same letters accented ; thus the 

angles nxe A', B', C, and the sides a', h', c'. 

The relations between the elements of two trihedral angles 

which are supplementary may bo thus expressed : — 
A- = 180° -a] a' = 180" -A] 

B' = 180" - i (1) b' = 180° - B (2) 

C = 180" - cj c' = 180° - C.J 

These equations may be put in the form — 

a = 180° - A' ) A = 180° ~ a' ) 

6 = 180°- B' (3) B = 180°-6'!- (4) 

c = 180°-C'J C = 180°-c'.j 

Any three of the six elements of a trihedral angle being 
given, the other three caa be found. There are in all six cases 
to consider : (1) Giyen tho three sides. (2) Given two sides 
and the angle between them. (3) Given two sides and the 
angle opposite to one of them. (4) Given the three angles. 
(5) Given one side and the two adjacent angles. (6) Given 
one side, an adjacent angle, and an opposite angle. 

By nitans of the properties of the supplementary trihedral 
angle, cases (4), (5), and (6) may be reduced to cases (1), 
(2), and (3) respectively. In solving case (4), find by case 
(1) the angles of the trihedral angle which has its sides equal 
to the supplements of the given angles, then the supplomonta 
of the angles found will be the sides required. Or we may put 
it briefly thus : Given A, B, and C, find from equations (2) a', 
V, and d ; next, by case (1) find A', B', and C ; then by equa- 
tians (3) find a, b, and c. 

In case (5) suppose a, B, and C given ; from equations 
(1) and (2) find A', h', and c' ; next by case (2) find a', B', 
and C ; then by equations (4) and (3) find A, & and c. 

In like manner case (6) is reduced to case (3). 

In the next three problems cases (1), (2), and (3) are 
solved. 
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PROBLEM 153. 

Given, the three sides of a, trihedral angle, to determitte the three 

angles. 

Let one of the faces, h, lie on the horiEOntal plane, and let 
the other two, a and c, be constructed into that plane, aa shown 
in %. 162. Make SLj = SL^. Draw Li? perpendicular to 
Sil, and L^I perpoudicular to S N to meet tte former per- 
pendicular at I. Join S I. The three lines SI, S M , and S B" 
will form the plan of the trihedral angle when the fa«e h ia 
horizontal. 

We have here supposed the facea a and o to revolve abont 
the edges S M and S N respectively until the lines S Lj and 




S La coincide. It is evident that the point Li will c 
an arc of a circle whose plan is the straight line L|Z ; also the 
point La will describe an arc whose plan is h^l; and since 
Lj and Lj are equidistant fi-om S, I will be the plan of the 
point where they meet, and S I the plan of the edge between 
the faces a and c. 

To determine the angles A and C, draw 1 2/ perpendicular 
to L, I, and 1 1^' perpendicular to Ls I- With Q as centre, and 
Q Lj aa radius, describe an arc to cut 1 1^' at li', and with R as 
centre, and E Lg as radius, describe an arc to cut 1 1<^ at l.^ j 
join Z|'Q and i^'R. ^I'Q I is the angle 0, and l^'R I the angle 
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A. It is evidoufc tiiat when tiie face a is brought into ita 
natural position, tile line L|Q in that &ee will reraaan perpen- 
dicular to SM; also tbe line ZQ in the face b ia peipendicolar 
to S M ; therefore the angle //Q I, which is the angle between 
these lines, will measure the angle between the faces a and h ; 
that ia, the angle 0. In like manner the angle l^^ I ia the 
angle A. 

To find the angle B, draw LiH perpendicular to S L,, and 
LgW perpendicular to S Lg. With centre N", and radius N" La, 
describe an arc to cut S Z at Lg ; join L3 to M and N. M L3N" 
is equal to the angle B. It is evident that, when the faces 
a and are brought into their natural positions, the lines 
L|M and LgB lying in these faces will be perpendicular to 
their line of intersection, and therefore the angle between 
them, which ia ec[ual to the angle M LjS", will be equal to the 



nd h on the horizontal plane, as 
L,; perpendicular to S M at Q; 



PROBLEM 154 

Given iwo sides of a trihedral angle, and the angle between ihem, 

to determine the third side and the other angles. 

Let a and 6 be the given sides or faces, and the angle 
between them. 

Construct the faces 
shown in fig. 163. Di 
make the angle Zi'Q I equal 
to C. Make Ql,' = Q, L,, and 
draw I/i perpendicular to L;i 
to meet the latter at I. Join 
S I. The lines SI, S M, and 
S S" form the plan of the tri- 
hedral angle when the face 6 is 
horizontal. 

To determine the face e, 
draw iLj perpendicular to SN, 
With ceiitro S, and radius S L,, dcscribo an are 
L2. LgS M" is the third face, c. 




} cut I L2 a 
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The angles A and B are determined eztictly as in the pre- 
ceding problem. 

After the esplanatioa which hsiS been given of the pre- 
ceding problem, the student ■will have no difBculty in under- 
standing the theory of this one. 



PaOELEM 155. 

Qweti two sides of a trihedral angle, and the angle opposite to one 
of them, io determine the third side o/nd the other angles. 

Let a and b he the given feces, and A the given angle. 

Aa before, construct the given faces on the horizontal plane. 

Take a ground line, X T, perpendicular to S M. Prom M 
draw M E perpendicular to S W. With M, as centre, and M R 
as radius, describe the arc IIE2 to meet XT at It^. Make 




the angle MEjV equal to the angle A. Y'N will be the 
vertical trace of the face c, S N being its horizontal trace. 
How let the fece a revolve about SM. Since SM is per- 
pendicnlar to X T, the elevation of the circle described by 
L, will be a circle having a radios equal to ML,, with M 
as centre. Let this circle cut VN at I'. The lino I'll will 
be the vertical trace of the face a when it is in its natural 
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position, and S M is its horiaontal trace ; therefore, if a per. 
peui]icu!ar be let fall from i' to X Y to meet the latter at I, the 
Hue I S will be the plan of the intersection of the faces a and 
c. Hence the lines S /, S M, and S If form the plan of the 
trihedral angle when the face b is horizontal. The third face 
c is determined as in the preceding problem. The angles B 
and C are found as in Problem 153. 

As the are hfl' will generally meet the line VN at two 
points, there are generally two solutions for this problem. It 
is therefore called the ambiguous case. 

SoKds inscribed in the sphere. — A solid ia said to be in- 
scribed in a sphere when all ite angular points are on the 
surface of tlte sphere. 

In fig. 165 are shown constructions for finding the length 
of an edge of each of the five 
regular solids when inscribed *'"'■ ^''^■ 

in a sphere of given diameter. 

A B is the diameter of the 
sphere. On this a semicircle 
is described. 

Take AE^frds of AB, 
and therefore BE = ^rd of 
A B ; draw B F perpendicular 
to A B to meet the cirele at F ; 
join AF and BF. AF is the 
edge of the inscribed tetrahe- 
dron, and BF is the edge of 
the inscribed cube. 

C being the middle point of A B, draw D perpendicular 
to A B to meet the circle at D ; join AD. AD is the edge of 
the inscribed octahedron. 

Draw A G at right angles to A B, and equal to A B ; draw 
C Q cutting the circle at H ; join AH. A H is the edge of 
the inscribed icosahedron. 

Draw F K perpendicular to B P, and equal to half of B F ; 
join B K, and make K L = E F, B L is the edge of the in- 
scribed dodecnliGdroii. 
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The following facta should be remembered. 

The plane contaiaing one edge of a tetrahedron and the 
centre of the circnmscribing sphere bisects the opposite edge 
at right anglea. 

A rectangle which haa for ita diagonals two of the 
diagonals of a cuhe is inscribod in & great circle of the circnm- 
ecri<bing sphere. 

The octahedron can be broken up into two sqoare pyra- 
mids in three different ways, and if this solid is inscribed in a 
sphere, the square bases of all these pyramids wOl be inscribed 
in great circles of the sphere. 

SoUds drcumsorihing the sphere. A solid is said to cif- 
cumscrihe a sphere, or a sphere to he inscribed in a solid, when 
the feces of the solid aro all tangential to the snrfaco of the 
.ph.r.. 

A plane bisecting tho angle between any two faces of the 
solid passes through the centre of the sphere. 

In the case of the five regular solids, the centres of the 
inscribed and circumscribing spheres coincide 

The cylinder, cane, and sphere in contaat. If two cylindeBa 
or two conea, or a cylinder and a cone, touch one another, they 
will clo so either along a straight hne or at a point. If the 
cylinders and cones are surfaces of revolution, and touch one 
another along a straight Une, the line of contact and the axis 
of the surfaces are in the same plane. When two cylinders 
touch one another at a point the common perpendicnlar to 
their Hses passes through the point of contact. 

If a sphere touch a cylinder or cone, it will do so at a 
point, and if tho cylinder or cone be a surface of revolution, 
the centre of the sphere, the point of contact, and the axis of 
the cylinder or cone are in tlie same plane. 

If two spheres touch one another, the point of contact and 
the centres of the spheres are in the same straight Hne. 
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PROBLEM 156. 



To draw the projections of four spheres, each one touching the 

other three, (vnd three of them resting on the horizontal plane. 

Denote the epheres or tbeir oentres by A, B, 0, and D, 
the first three spheres being on the horizontal plane. Let 
their radii be rj, rg, rj, and r, respectively. 

Ist. To dotermine the projections of the three spheres 
resting on the horizontal plane. 

K the centres of the spheres A, B, and C be joined, a 
triangle is formed whose sides are equal to the sum of the 
radii of the spheres taken two at » time ; that is, the sides will 
he equal to j-, + r^, r^ + r^, and r^ + r,. The angular points 
of this triangle will be at a distance from the horizontal 
plane equal to the radii of the spheres ; that if, equal to rj, r^, 
and rg. Hence the projections of this triangle can be de- 
termined by Problem 74. Then, having got the projections 
of the centres, the projections of the spheres can at once be 
drawn. 

We may also proceed as follows. Draw first the projec- 
tions of the sphere A, a, a' being the projections of its centre. 
The distance between the centres of A and B is equal to the 
sum of their Midii ; the height of the centre of A is known aa 
also that of B ; it is therefore a simple problem to determine 
the length of the plan of the line joining the centres of A and 
B. Hence the projections of the centre of B can be drawn ; 
let them be h, h'. If the projections of the centre of C are 
c, c', WB can in like manner determine the length of a e, also 
the length of & c ; therefore, if with centre a and radius o c an 
are be described, and with centre h and radius B c another arc 
be described to cnt the former arc at o, the plan of the centre 
of is determined. Hence the projections of the spheres 
A, B, and C can be drawn. 

2nd. To determine tho projections of the fourth sphere. 

The centre D of the fourth sphere will be at a distance 
ri+r^ from the centre A of the first sphere, and at a distance 
r^-^r^ from the centre B of thesecond sphere. Conceive t'le 
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triangle A B D to rotate about the side A B, which i 
fixed ; the point D would describe a circle w iiich would be the 
locus of the centres of all the spheres, which would touch the 
surfaces of the spheres A and B, ajid hi,ve ladii equal to J4 
Draw the plan of this circle, which will generally be an 
ellipse. To determine the asea of this elhpse, tike an auxiliaiy 
elevation of the spheres A and B on a veitical plane contain, 
ing their centres ; let tti't/ be the auxiliary elevations of these 
centres. On a, '6/ construct a triangle, a,'bi'd^', in which 
ai'di^rj+r^,a,ndhid^'z=r^-{r^. Draw i^j'j)' perpendicular 
to ctj'bi, meeting the latter at pi'. Draw p/j) perpendicular 
to tt ii to meet the latter at p. p is the plan of the centre of 
the circle, aad is therefore the centre of the ellipse. Through 
p draw the major asis of the ellipse at right angles to a b, and 
equal to twice d^pi'. Draw d^d^ perpendicular to a &, to 
meet the latter at d^. pd^ ia the semi minor.axis. 

In like manner the plan of a circle is detormined whicJi 
is the locus of tbe centres of all spheres equal to the sphere 
D, and which touch the sphercH A and 0, 

The two circles whose plans are thus determined will 
intersect at two points, one on each side of the plane contain- 
ing the centres of the spheres A, B, and C. The plans of these 
points are determined by the intersection of the ellipses, which 
are the plans of the circles, aud their distances from the 
horiaontal plane can be found by aid of one of the auxiliary 
elevations. 

That the circles which we have been considering cannot 
cross one another withont intersecting is evident when we 
consider that each lies on the surface of a sphere whose centre 
is at A and radius equal to AD. 

EXEBCISES. 
Solve the trihedral angles given in "Exercises 1 to 10 in- 
clusive. 
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MISCELL4KEO0S TEOBLEMS. 



10. t 



a= 70° 


b= 50° 


= 120°. 


a= 50" 


&= 80" 


C= 45°. 


a= 50" 


b= 70° 


A= 45°. 


a = 120° 


b= 65° 


A =100°. 


A = 120° 


B= 45° 


0= 40'. 


a = 100° 


B = 120" 


C = 125°. 


a= m 


A= 70° 


; C = 100^ 



11. Draw the plan of a cube, inscribed in a sphere of 3" 
dianiBter, resting on the horizontal plane. One angle o£ the 
cube to be at a height of 2'76" above the horizontal plane. 

12. Draw a. circle 3^" in diameter, and take a point, a, Ij" 
from its centre ; through a draw a line, a b, making an angle 
of 60° with the diameter of the circle passing through a. 
The circle ia the plan of a sphere ; a is the plan of one angular 
point of a cube, and a h the indefinite plan of an edge of the 
cube. The cube being inscribed in the sphere, complete its 
pl.n. 

13. Referring to the preceding exercise, take a & as the 
indefinite plan of an edge of an octahedron, a being the plan 
of one angular point, and complete the plan of the octahedron, 
supposing it to be inscribed in the sphere. 

14. Eeferring to Exercise 12, take a as the plan of one 
angular point, and » 6 as the indefinite plan of an edge of a 
tetrahedron inscribed in the sphere, and complete ita plan. 

15. Determine the edge of a tetrahedron circumscribing a 
sphere of 2'5" diameter. 

16. V AB Cisarighttriangnlarpyramid. ThebaaeABC 
has AB = 2-5", BC=2-75", AC = 2". Altitude = 2'5". 
Determine radins of inscribed sphere. 

17. A cylinder, 1| ' diameter, lies on the horizontal plane. 
A point which is 2'5" above the horizontal plane has its plan 
1^" from the plan of the axis of the cylinder. Draw the 
plan of a sphere which, having the given point for ita centre, 
touches the cylinder, and mark the point of contact. 

18. The axes of two equal cylindrical surfaces are inclined 
in oppc^te directions at 25° and 50° j the line perpendicular 
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to Iwth these asea is 3" long, and inclined at 35°. Draw tie 
plan of tbe cylindera, sljowing' the point of contact. 

19. Two lines, a h and o d, bisect each other at an angle of 
85°. a & ia 4", and c d 3^" long. Theae lines are the plana 
of the axes of two equal cylinders which touch ooe another. 
The heights of the points A, B, C, D, are ■?", 2-8", 34", 4-5" 
respectively. Draw the plans of the cylinders. Ton need 
not show the ends. 

20. Make an elevation of a pHe of four round shot, 6" in 
diameter, three of them forming the base, and touching one 
another, and tbe fourth resting upon them. (Scale ^,) 

21. Three spheres, whose radii are '4", •?", and 1-5" 
respectively, staad on the gronnd, each one touching the other 
two. Draw the plan of them, 

22. Draw three spheres touching on© another, radii being 
■25", '5", 75 respectively, and determine a fourth sphere, 
radius "6", to touch all three. The three may be supposed to 
rest on the ground. 

2a Draw a triangle, o fee ((i&=2'6", 6c = 1-6", ea = 
2-7")- A right cone ia lying on its side upon the horizontal 
plane, & ia its vertex, and a & ia the plan of its azis, which is 
inclined at 25°. The point c is the plan of the -centre of a 
sphere, which also rests upon the horizontal plane, and which 
is in contact with the cone. Complete the plan. 

24. The plans of three points form a triangle, ahc; ah 
= Si", bc= %^', £a = %f. The heights of the points A, 
B, and C are 1^", 4", and 2J" respectively. C is the centre 
of a sphere 2^" djametev, and A B is the axis of a cone which 
touches the sphere. Draw the plan of the cone, and show 
the point of contact. 

25. Explain in words how you would detennine a line to 
touch two given spheres, and have a given inclination. TText 
explain how you would iSetermine a cylinder to touch two 
givea spheres, and have its asis inclined at a given angle. 
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CHAPTER XIX. 

THBOET or PEESPECT17E. 

The difference between perspectiye, conical or radial projection, 
and orthographic projection is that, instead of the projeotora 
being all perpendicular to the plane of projection, they con- 
vei^e to a point. 

The perspective projoction of an object represents it as it 
would actually appear to the eye of an observer when placed 
at the point to which all the projectors converge. 

The plane of projection may be situated anywhere pro. 
vided it meets all the projectors, bat it is generally aasumed 
to be placed in a vertical position between the eye of the 
observer and the object, and perpendicalar to the direction in 
which the observer is looking. 

Pieture Flwihe. The plane of projection is called the 
^idure plane. 

Station Point. The point to which all the projectors con- 
verge is called the station point. 

Method of {kaimmg a perspee^e projection. One method of 
drawing the perspective of an object is aa follows: — First, 
draw the orthographic projections of the object, station point, 
and picture plane, so that the latter is perpendicnlar to the 
ground line X T, as shown in fig. 166, which shows the method 
applied to a square prism resting on the ground. 

Draw the plans and elevations of the conical projectors 
VA, VB, &c. Prom V draw VC perpendicular to the 
picture plane. 

Take any convenient part of the paper tipon whicli to draw 
the perspective. Mark a point, C, and draw the horizontal 
line H C, and the vertical line C P. Find a point, A', so that 
its distance from H C is equal to e^a', and its distance froni 
P equal to c a. A' will be the perspective projection of the 
point A. In the same way find the perspective B' of B. 
A'B' is the perspective of the line AB. In like manner the 
perspective projection of all the lines of the object may be 
determined. 
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Gentre of Vision. The point C, the foot of the pei^ndicular 
from the station point to the picture plane, is called the centre oj 
vision. It win be observed that the centre of vision ia the or- 
thographic projection of the station point on the picture plane, 

horizontal Line. The horizontal line, drawn on tie picture 
plane, through the centre of vision, is called the horiamtal 
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Gro-md Idne. The inierseetion of the picture plane with 
the gpoood is called the grownd linn, picture line, or hose line. 

Vertical Plane. The plane perpendicular to the ground, and 
containing the atation point and centre of vision, ia called the 



Vertical Line. The line of intersection of the vertical and 
picture planes ia called the vertical line. 

The method illustrated in fig, 166 can be -v^ij much ab- 
breviatfld ly an application of the principlea explained in the 
remainder of this chapter. 

If V is the station fovnt, the centre of vision, P a given 
point, p' its orthographic projection on the piciare plane, and P' 
its perspective, then CP' ; P'j(' :: V : Fp'. 
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Tor C V and Vp' are each at ligtt angles to tiie picture 
plane MN (fig. 167), and are therefore parallel to one another. 
The points V Cj)' and P are in one plane, and VP'P is a 
straight line ; therefore P' is in the same plane with the points 
VCp' and P. But OP' and ^' are in the picture plane; 
therefore C P'j>' is a straight line. 




Comparing the two triangles V P', P'j)'P, the angle 
V C P' is equal to the angle Pjw'P', each being a right angle ; 
also the angle C P' V is equal to the angle jj'P'P, and the angle 
p'V P" is equal to the angle C V P' ; therefore the two triangles 
are similar, and CP' : Py :: OV : Pp'. 

To find ike perspective of a point. 

Let C be the centre of vision, p' the orthographic pro- 
jection of the point on the picture plane. On the horizontal 
line OH make CD equal to the j,„; -,f^ 

distance of the station point from 
the picture plane. Draw jj'K 
parallel to C H, and make ^'E 
equal to the distance of the point 
P from the picture plane. Join 
DK and p'G. The point P' 
where those lines intersect is the perspective of the point 
P. For, comparing figs. 167 and 168, CD is equal toCV, 
and j/K is equal to Vp/ ; and in fig. 168 it is evident that 
CP' : py :: CD :yK; therefore CP' : F/ :: CV : Pp', 
and therefore P' is the perspective of the point P. 
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Point of Distanae. The point D, flg. 168, is called the 
pomt of distance. 

The position of apomi in space ia giyen by stating its dia- 
tanees fjx)m the groTind and pictnre planes, and its distance to 
the right or left of the spectator. 

EsAMPlB. To find the perspeetives of the following points : — 
A 1" to the right of the speeiator, 1^' ahove the groimd, and 2" 

fceMid the pictitre plane. 
B ^' to the left of the spectator, 2^" above the ground, omd 1|" 

hehvad thepicl/wre pla/ae. 
01^' to the left of the spectator, on the ground, and ^" behind the 

picture plane 
D 2" to the right of ike spei^tatoi 2 above the ground, amd in 

the piuture plarte 
"& in froiii of the speiAato) \ aluie tl f ;r und a ? 2J" behind 

the ptUure plme 
F m ^on* of the spectatur, on the ground, and i the picture 

rim. 

Distance of statwn point from pv^tme plane 3 Height of 
station point fiojt ground 1| 



6.. 








c ^ 





The coi itr ttion will 1 o undeisiood from the figure. It 
will he noticed that the peispectives of the points D and F 
coincide with then orthogiaphic pio]octiona on the picture 
plane. 

The per'pe hi<. pjojectiois J piiiXlel hies wiwerge to a 
point. 
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Let P'Q', Ei'S' be the perepectiyes of the parallel lines 
PQ, ES respectively. 

Lefc V T be drawn parallel to P Q or R S, and, if it meet 
the picture plane at all, let it meet it at T. VT will be the 
Jine of intersection of the planes P Q V, R S V. 

Since each of the points P', Q', and T are in the picture 
plane, and also in the plane P Q V, they must all lie on the 
intersection of these two planes ; therefore P', Q', and T are 




in the same straight line. Similarly, E.', S', and T are in one 
straight line ; therefore P'Q' and B'S', the perspectives of the 
parallel lines P Q and E S, converge to the point T. 

Yanhhmg Point The point towards which the perspectives 
of parallel lines converge is called the 'vanishmg foint of these 
lines. 

The following partienlar cases are worthy of notice : — 

a. When the lines are perpendicular to the picture plane, 

VT will alsobe perpendicular to that plane, andT will coincide 

with the centre of vision. Thus the perepectives of lines which 

a/re p&rpendicular to the pieiwre plane cmwerge towa/rds the centre 

I. When the parallel lines are parallel to the picture plane, 
VT will also be parallel to that plane ; therefore T will be 
at an infinite dktance from V— i.e. PQ' and B'S' converge 
towards a point which is infinitely distant, therefore they must 
be parallel. Titus the perspectwes of parallel Unes which are 
also parallel io the pictwe plane are parallel. 

c. When the parallel lines are horizontalj V T will also be 
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hovizontal ; therefore T muflfc lie on tbo horizontal line — i.e. 
the perapeoiives of pofrallel horizontal lines aonverge towards a 
poifit on the horisontal line. 

d. When the parallel lines are parallel to the vertical plane, 
V T will be in the vertical plane ; therefore T will be in the 
vertical line — i.e. the perspeeUves of parallel lines which are also 
parallel to the iierUcal plane converge towards a poM on the 
vertical line. 

e. The perspecHiies of vertical Imes areparallel to theverUcal 



f. The perspectives of horizontal Unes which me parallel to 
the pictmv plane are parallel to the horixmitol line. 

g. When the lines are horizontal and inclined at 45° to the 
picture plane, VT will also be horizontal and inclined at 45" 
to that plane ; therefore T will coincide with the point of dis- 
tance. Heueo the perspectives of horkontal Unes which are in- 
clined at 45° to the picture plane converge towards the point of 
distam.ce. 

To determine the vanishing point of a line. 

Take the picture plane and the horizontal plane containing 
P y^, the station point for the co- 

ordinate planea, and on these 
draw a plan, a b, and eleva- 
tion, a'b', of the line whose 
vanishing point, is to be 
found. H C, the horizontal 
line, wOl be the ground line 
for this plan and eleva- 

Make C v perpendionlar 

to H 0, and equal to tiie dig. 

tance of the station point 

from the picture plane, v will be the plan of the station 

point, and C its elevation. 

Through v draw vt parallel to ah, meeting HO ac (. 
Through C draw C T parallel to a'h' to meet the perpendicular 
from i to H at T. The point T is the requii'ed vanishing 
point. For T is the point in wtich a line through the station 
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point parallel to the original liae A B meets the pietare plane ; 
therefore it is the Yamshing point of that line. 

If tlie original line ia horizontal, CT will coincide with 
H 0, the horizontal line. Therefore T ia on the horizontal 
line, and the plan vt makes an angle with the horizontal line 
equal to the inclination of the ori- ^,^ ,,, 

ginal line to the picture plane. 

In this case, which ia the most 
commoa in practice and the only one 
considered in elementary works on 
perspective, the constractioa becomea 
as follows :— Draw v K parallel to 
HC, and draw vT, making the angle KvT equal to the 
inclination of the original line to the picture plane, meeting 
the horizontal line at T. The point T is the required vanish- 
ing point. 

To mark off a given Imgth on a given line from a gioen pomt 
in, it. 

Let S T (fig. 173) he the perspective of a line whose trace 
on tbe picture plane ia S, and whose vanisijing point ia T. 



As in Bg. 1?1, V is tlie plan of the station point, and v i the 
plan of the line which passes through the station point, and 
is parallel to the line of which 8 T is the perapective. 

With centre t and radius tv doscrihe the arc v'V^ meeting 
H C, the horizontal line at V9. T To ia the real distance of 
the vanishii^ point T from the station point. Through T draw 
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T P parallel to H C, and with T as centre, and T Vj as radius 
describe the arc VgP. 

Draw S M parallel to H G. Join P with A', the perspec- 
tire of the given point, and prodnce it to meet S M at L. 
Make LM equa! to the given length. Join PM, meeting S T 
at B'. A'E' will he the perspective of a portion of the given 
line which will be equal to the given length. 

The constmotion is much siropliSed when the original line 
is horizontal, for then T is on the horizontal line and « T is 
equal to the true distance of T from the station point. The 
consti'uction in this case is shown in fig. 174'. 






The theory of the construction shown in figs. 173 and 
1?4 will he understood by reference to fig, 175, which shows 
a perspective view of the ground and picture planes, and all 
the lines of fig. 173 in their natural positions. 

In figs. 173, 174, and 175, the same letters are used to 
denote the same points. V is the station point; SAB the 
given line; T its vanishing point, and S its trace on the 
picture plane. V T is parallel to SAB, and the perspectives 
of all lines which are parallel to SAB or V T wUl pass 
through T, as already explained and illustrated by fig. 170. 

Similarly the perspectives of all lines which are parallel 
to Y P vrill pass through P. M^ow A L and B M are lines 
whose perspectives pass through P, therefore A L and BM 
are parallel to V P. Hence, since S B is parallel to V T, and 
B M to V P, ,the angle S B M is equal to the angle T V P. 

Again, since S M is parallel to T P and B M to V P, the 
angle ti M B is equal to the angle T P V. But T P is equal 
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to T V, tlierefore the angle T V P is equal to the angle T P V, 
and therefore the angle S B M is equal to the angle SMB. 
] to S M. Shnilarly S A ia equal to S L, 




iherefore AB is equal to LM. But LM Is a line in the 
picture plane. Therefore if LM be made equal to A B, the 
construction shown in flga. 173 and 1?4 will give the per- 
spective A'B' of the lougth required. 

Measiirmg Point. The point P in the three preceding 
figures is called the measim/ng point for the yanishing point 
T. It is evident that each vanishing point can have two 
measuring points, one to the right and another an equal 
distance to the left. 
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EXERCISES. 



1. The station point being 5 feet from the gronnii and 12 
feet from the picture plane, show the perspectives of the 
following points. Scale ^ inch to a foot. 

A 10 feet to left of spectator, 5 feet within picture, and 2 feet 

above ground. 
B 7 feet to right of spectator, 3 feet within picture, and 4 feet 

ahove ground. 
C 9 feet to right of spectator, 9 feet within picture, and 9 feet 

above ground. 
D 8 feet to left of spectator, 12 feet within picture, on gronnd, 

2. Tho height of the eye is 6 feet, and its distance from 
the picture plane 13 feet. Draw the perspectives of the 
following lines to a scale of j inch to a foot. 

A B, 5 feet long, peipendiculai to the picture plane, and 6 
feet to the right of the spectatoi , the nearest end being 2 feet 
within the picture. 

C D, horiaontal and pT.r^llel to the picture plane, 1 foot 
from ground and 1 foot withm, one extremity 1 foot to the 
right and the other extremity 5 teet to the left of the spectator. 

E P, vertical, 9 feet long, lower end on gronnd, 6 feet to 
left and 2 feet within. 

3. Join the miiidle points of the perspectives of the lines 
given in the preceding exercise, and determine the true form 
of the triangle of which the triangle formed in this way is the 
perspective. 

4. Height of spectator 5^ feet. Distance of spectator 14 
feet. Scale ;J in. ^ 1 foot. 

Put into perspective a square of 3 feet side when in eaco of 
the following positions : — 

(a) Lying on the ground, with the front side parallel to 
the picture plane and 1 foot within, the nearest comer being 
2 feet to left of spectator. 

(b) Iiying on the gronnd, with the nearest corner 1 foot 
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to riglit and 1 foot within. A si(3o containing tlie nearest 
comer to make an angle of 30" with the picture plane. 

(c) Ite plane vertical and inclined at 50° to the picture 
plane. The nearest side to be in the picture plane, and 7 feet 
to the right of the spectator, 

(d) Its piano parallel to the picture plane, and 5 feet 
within. Nearest side vertical and 6 feet to left. Lower end 
of nearest side 3 feet above ground. 

5. Place the following solids in perspective : — 

(ffl) A cubs of 2.inch edge with one face on the ground, 
nearest vertical edge i inches to left and 1 inch within ; a 
face containing the nearest vertical edge being inclined at 60° 
to picture plane. 

(&) A hexagonal prism— basely inch side, axis 2|^ inches — 
hsa one rectangular face on the ground. The axis is inclined 
at 65° to the pictare plane, and the nearest end of tJie aais is 
5 inches to right and 1 inch within. 

Station point 3 incbes from ground, and 6 ineh^ from 
picture plane. 

6. Show the perspective projection of a circle 2" diameter 
in each of the following positions : — 

(a) When its plane is horizontal, and its centre 3" to riglit, 
2^" within and 1^" above the ground. 

(S) When its plane is perpendicular to the ground line, 
and its centre ia 2^" to right, 3" within, and 2|" above the 
ground. 

Height of eye 3|". Distance of eye from picture plane 

7. A nut is of the form of a hexagonal prism— side of base 
17", axis 1-7" — with a cylindrical bole through it 1'7" in 
diameter, the axis of the hole coinciding with the axis of the 
priam. The base of the prism is on the ground and the 
nearest vertical edge is in the picture plane. A face contain- 
ing the nearest edge is inclined at 8° to the picture place. 
The height of the station point is to be 3'5", it is opposite the 
centre of the nut, and its distance from the picture plane is 
6-5". Make a perspective view of the nut. 

8. Wbat must be the position of a circle with respect to 
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tlie picttire plane, &c., m order lihat its perspective projection 
may be a parabola. Uliisti'ate by a diagram. 

9. A sphere will always appear as a circle from wliatever 
point it is looked at. The perspectiTe of a sphere may, how- 
ever, be an elKpae. Explain tbe reason of this apparent con- 
tradiction. 

10. A square pyramid (side of base 2'6", asis 3'5") liea 
wich one face on the H.P. Tbe nearest corner of that face 
(the vertes) to the picture plane is -5" away, and the vertical 
plane which contains the axis makes an angle of 30° with tbe 
picture plane. Draw its perspective projection, taking the 
other conditions at your pleasure. 
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APPENDIX. 



Exammution Paper on Practical Solid Geometrr/, set l>ij tJie 
Science arid Art Depm-tment, May 188*5. 



eECOND STAGE OS ADVANCED EXAMINATION.' 
Only eight questions are to be attempted. 

Solid Geometry. 
1. Represent— 

a. A line mclined 25° to 'botli planes of projection. 

b. A plane at right angles to hott planes of projection, and 

a line perpendicular to it^ 
e. Two planes at right angles to each other and to the 
vertical plane of projection. (15.)' 

*2. Determine the interaeetion of the given line sV, st with, the 

given plane. (14.) 

•3. The given figure represents a pickaxe ; a and h rest on the hori- 
zontal plane ; the plane of the figure is inclined at 55°. Draw 
the plan and an elevation on a ground line which malies 35° 
with a S. (24,) 

4. Draw the plans of a right cone and a right cylinder which touch 
each other. Any positions may he chosen. (26.) 

'5, From the given point p drop a perpendicular on the line joining 
q and r. (Unit O'l".) (24.) 

' For the Elementary Paper see Appendis to Part I. 

' The relative values of the qneationa are given by the numbers in 
brackets at the end of each question. 

* Questions marked (*) have accompanying diagrams. The diagmma 
have been reduced to about *ths ot the size which they appeared in the 
saamication paper. 



y Google 




y Google 



APPENDIX. 129 

*6. The two given lines abjcdiii the lioiizoiital plane are tlie IsaEca 
of two isosceles triaJiglea o i E, e rf E, whifili lave a eommon 
Tertex E. The height of the triangle a 6 E is 2|". Complete 
the plans of the triangles and draw their elevations on a line 
parallel to oc. (24.) 

*7. Determine the pointe in which the given line cuts the given 
.phm. (34.) 

*8, A B is the plan of a horizontal ridge piece 11" deep.' C B is the 
plan of a rafter 7" deep, buttinff up against AB, and inclined 
at 40° to the hoiiaontal pJane. Determine the true fm-m of the 
end of C D where it rests against A B. Make a aeclional eleva- 
tion on PQ. (38.) 

"9, The ^ven figures represent a birdcage, Supposing it to stand 
on the horizontal plane, draw an elevation on a plane maldng 
37° with the long aides of the base. Malo' a section by a 
vertical plane which bisects one loug and una short side of 
the base. (30.) 

"10. Make an isometric view of the birdcage, looking down on the 
top. N.B. — An isometric scale is not to he used. Lengths 
may be transferred direct from the given figures on to the 
isometric lines. (80,) 



HONOURS EXAMINATION. 
Only dgM questions are to be attempted. 

Solid Geometry. 

•1. Two equal circular discs, <ib, erf, roll on the horizontal plane, 
turning about a horizontal axis ef. The axis ef turns on a 
vertical s^ndle (/ A. Draw the elevation on a vertical plane of 
one loop of the curve traced by a point on the circumference 
of one of the discs. (55.) 

'3, Draw the projections of any two spheres of IJ'' diameter 
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which touch the ^Ten plane and both planes of projection 

How many spheres are theve which will fulfil theae couditiona ? 

(40.) 

•3. A portion of the plan and eleyation of a vertical right prism is 

given. Detarmiae the length of tie shortest line which can 

be drawn on the surface of the prism from the point o i/ to 6 ^ 

(45,) 

*4. From the given point a s" on the given line a b, a'V, draw a line 

2|" long to meet tlie piven line cd, e'l?. (45.) 

•5. The plan of a right cone resting on the horizontal plane ia given. 
Determine the index of the point, of which p is the plan. Draw 
the plan of a sphere of 2" diameter which touches tlie given 
cone at thb point. (Unit O'l".) (50.) 

*6. Determine the points of intersection of the givea line and right 

cylinder, (Unit 0-1".) (46.) 

*7. The given right square pyramid standing on the horizontal plane 
is penetrated by the given right cone. Draw the elovaticn of 
the cmve of intersection on ^IS as ground line. (Unit 0-1".) 
(B.) 
'8, The projectiona of an open l)ox are given, and also those of the 
rajs of light li E'. Draw the shadow cast by the bos on the 
horizonta! plane, and show the shaded nortions of the hos in an 
elevation on xy as ground line. (55.) 

•9. AB\% the shadow cast by the line ah on the horizontal plaae. 
Determine the indmation of the rays of light, and also tha 
indei of tie point 6. (Unit 0-1".) (40.) 

*10, Make a perspective of the ^von doorway,' the station point to be 
5' '0" above the ground and 20'' 0" from the picture plane. 
The plan of a portion of the principal visual ray is given. 
(56.) 
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ller'a (Uax) Lectnrea on tbe Sidenoe of I;iuigHi«e. 

(li(Sj'dnay)TlieWilflndWladomof. Crown Bfo. It.l 
ASTRONOMY. 



ira. 3 Series. Cnme. gvo. ii, ea 
JWH Sto. fij. 



, Webb's ColestisaObjsolB lot Common Tslsseopia!, Crown Bro.Sf. 
THE 'KNOWLEDOE' LIBRARY. 
Edited by Riohasd A. Phoctoh. 
How to Play Wtiet. CrewnSvo.Sj. Plaaaant Ways in Soieni^. Cr. eyo.6< 

Tbe Bortelaad of Scieace. Cr. Svo. Si, Tbe ijeesons Fintured. Demy 4to. ii 

Nature Studies. Crown Bvo. Bi. Strength and Happineas. Or. 8vo. Si 

LelaurB Readings. Crawo Svo. 6j. Ttough Ways made Smoolb. Cr.8TO.& 

The Stars bitbeii'Beasons. Imp.Svo.Oi. Tbe B^ipanee of HeaiHi. Cr. Sro. Si 

Mytha and Marrels of Astronomy. OuiPlafieflmongliiOnltleB, Gr.Rvo.fij 
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. F. Dadea, Bvo. 7s. 
Ariatophnnoa' The Athamians, fiaoBlatcd by E. Y.Trrrell. CtobhSto 

~ Tlia KiMmaoliean Bthioa, translated bj WiUiains, orown 8to, 
~ The Politics, Booira I. III. IV. (Vn.) with Tmaalalfon, 



ier'8 Iliad, HomometiioaJlJ tfflndal«l bj Cayley. 8vo. ISi. ei. 

— eraet Test, wltli Yerae TraUBlBtion, by W. C. Green. V< 
Books I.-XIL Crown 8vq. 6i, 

afiy'a Clflsaioal Greek Literatnio, Crown 8vo. Vol. I, The Poets. Ji 
Vol. 2, The Praae Wtitei's. 7j. 6d. 

il'B Works, Latin Teit, wlthOommentary, bj Kennedy. Oi-own Bvo. 10< 

- «neid, traaalated Into BngUah Yerao, bj Oonington, Crown a™. 

_ „ „ _ _ byW.J.rhotnliill.Or.8vi>.7 

-'B lUytha of Hellas, tranalatied by F. M. YoonghuBliand. Grown 8vo. Si 
The Trojan War, — — P<^. Bto. Ss. 

The Wandertogs of Ulysses, — CrownSTO.Ba 



Hartwig's Aerial World, Svo. lOj. Sd. 




- Polar World, Bvo. IQs. Sri. 




~ SBaanditaLiringWonden, 8to. 10s. Gii. 




— Subterranean World. 8™. Us. M. 




— Tropical World, Eyo. lOi. CiJ. 




LIndley's Treasucy ot Botany. 8 vols. fop. 8to. Us, 








— — Plants. Sto. 43), 




Rivors's Orchard House. Grown 8vd. 6s, 








Stanley's FftmiUarBlstorjot British Birds. Crown 




Wood's Bible Animals. With 11 S Vignettes. 8to. 1 








— Homes Witliout Hands, 8vo. lOj. fld. 




— iHBOcts Abroad, 8to. 10s. Btf. 








- InaeotaatHome. With 700 Illiistrationa. S 




— Out of Doors, CrownSTO.Sj. 










Edition, 4to 
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PRIZE AND PRESENTATION BOOKS, 
uaeaon'a Sacred ttud I^eod&ry Art. 6 vols. squHrc Svo. 
logeMB oJ lliB Madonna. 1 TOl. Bla. 



— — — Sainls Biid MattytB 




— — -.- SKviour. Completed by lady Bnailake. 2 Tola. 4Bi. 


acanlBj-a lays of Ancient Eoma, mustrated by Schari. Tcp. Ito. IDs. 8S. 






Mastera. «o. au. 


ByDr.G.Hartwig. 






The Btsnoh Builders (from ■Homes 


Sea and ila Living WODd«ra'). With 


wiHiont HMrfB'). With 38 Ulnstra- 




tloBB. Crown eTO.2i.«i*.olothBict™, 


ol(.UiMrtra.^t edges. 


gilt edges. 


Itnleeni of the Deap (from "The Sea 


Wild Animals o( the Bible (ft-om ' Bible 


and ita Living Wonders'). With 117 




lUnetmUonB. Onwu gvD, 3s. id. cloth 


Ci'ovii Std. Is. e«, DlotH extra, gilt 


ffittia, gilt e^tea. 


eages. 


wellecs in the Aietio Beg!onfl (ftom 


Domostlo Ajiimsla of the Bible (from 


■ The Sea and Ita Living Wonders '). 


■Bible Animals'). Wifii S3 Illns- 


With n ninstratjous. Omwn 8vo. 




J'-..!^-,"i;??.f?."%?i'.^f^ .n.K. 


fflttra, gilt edges. 



Winged Lite in tie Tropies (from ' The 
ms. Crown evo.ii.Oii. cloth extra 
ranoes and BarChiinakea (from 'Iht 



Janet's Blementary TreaaBO OB Physloa, by Atkinson. LargesrownSvo. IS 

— Katnral Philosopby, by AtMnaon. Crown Svo. Ii. «ii. 
Jrove's Correlation o£ Physioal Potces. Bva 16*. 
lai^hton's Sis Lsctura on Phjeioal Geography. 8vo. 16j. 
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mLolta on the Ben!B.tIona of Tone. Boyal 8vo. S8j. 

mho ta s Leoturas on Solentiflc Subjeota. a lola. otown Sto. Jj. 8 J. bboI 

tnoo ani &0SE9'9 Tlie Botlfera or ■Wheel AnlmnloulM.' WItli SO Ooloored 

.lai s Leoturee on tha History of MoSam Music. 8™. Bs. Bd. 
- T a ifMoD Period of Musical History, Svo. KU. 6i 
kaon B Aid to Engineering Solution. Koyal 8vo. 81s, 
a InorgBnic Cliemislirj, Tlieoretical and Praotioal. Fop. 8to. St. 

be B 'ihopt Test-Book of Inoi^onla Chomlatry. C"rown 8vo. 7j.Qd. 

/i a Treatise oa Magnetism. 8vo. 10s. id. 

iBlleter a Zaology and Morphology of Vertebrate AnimaiB. Sto. IOj. M. 



Mitchel s Uaanal of Praotlaal Aessylt 
Nob h Hon B with B Three-incli Teles 

HocOuutfB 

3 tois. t 



iKimy and Phyrtology of the Vertebiats A 



BiohardBOD's Tiie Health of IMations ; Worlds and Life of Edwin Chadtvlok, 0. 
; 3 vols. Sto. 26). 

Bc1)elleii*a Speottum Aiialysls. Svo. 81«. lid, 

'- Smlth'B Ah; and Italu, Svo. 34). 

1 etoney'B Tlie Tlicory of the Stresses oa Clirdets, &c. Kojal Svo. 881, 



j — Heat a Mode of Motion. Otown Sto. IS). 

: — LesBons on UlectcidV. Orown 8to. 3a. dd. 

> — Motes on Bleottica) Phauomena. Crowa BfO. Is. sewed, Ij. td. ol 

— Notes of Lecture? on Light. Crown Svo. Ij. sewed, li, 64 doth. 

- Sound, with Prontlapleoe and SOS Woodcuts. Crown Svo. 10s. M 
Watt" 5 Dl.,tlona[y of Chemistry. 9 vols, medium Svo. £16. ii. Sd. 

Vi liBon B Manual ot Heallh-Soioncc Crown Svo. 2s. Kd. 

THEOLOGICAL AND RELIGIOUS WORKS. 
Arnold s (Kev. Dr. Thomas) Sermona. S vols, otowa Svo. Ha, each. 

Browne s (Bishop) Expo^tion ot Che 39 Articles. Svo, 1 Ba, 

IWament. Eojal Svo. IS). 
ColensD on the Pentateuch and Book ot Joshua. Ci'own Svo. 81, 
L 1 del a HinidSook of tha Bible. Post Bvo. 7s. M. 
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— Propbeay and Hietory in relation to the tdessia^- Syo. l^. 
Gslatlans, 8s. Sd. Rpbesiuifl. EU. 6d. FASt^ral Bpiatlea. 10). ed. FMUpfdans, 





— Leotnrfe on tliH Lifs of ont Lord. Sro. ISi. 












M. 








— History of Tara?l. translated by Cnrwnter ft Rmitli 












e. 








Vol.8,'lSi. ' ■ ■ ' ■ 










obut'aUedioatLansRaffeDfgt.Xuke. SyclBi. 








J 


opkina's OUrlat tlie Oonsolet. Fop. 8vo. Ss. 6d. 










~ SBfiondDeatbandthoItestitntionotallTblngB. 










- TypEaofOaiesls. Crown 87a Jj. Sd. 


















t 




nalated In 


W Engllah. 


L] 




P=p 


Bvo, 


Si. 


u 




J. Si 


each. 




— The Miraolea of oor Lord. Orowa avo. 








M 


HiniDe's Temporal Mfeaion of tlieHolv Ghost. Crown 8v 




SA 




HaHlii«iu'8Bndai™.B after thaOhristfan Life. CroBn fi 










~ Hymns of Praise and Prayer. Crown 8vo.4i, 




Smo 






- Sennons. Honrs ot Thought on Saored Thlnga 




Ola. 7 


.Bd. KBoh. 


H 


onsell'B Spiritual Booga for Sanflaj-B and Holidays. Pop. 




>l. ISlDO.Sl. 


HiUlor's (Max) Origin and Growm of Eillel™. Crown Sv( 










— — Science of Eellglon. Crown 8vo. 7s. ed. 










wman'8 Apologia pro VibS ana. Grown 8m ta. 










— The Idea of a Unlverelty Deaned and Illnstralf a 


C 




8to. 71. 




















vo.ei. 




— An Es!ay on the DeTelopmeut of Christian Doctrine. 




i™8to.B.. 




- Certain DifflenWoa Pelt hj Anglicms ii, Gat 


olie 


Tasching Oon- 



~ Iksaye, Crlti'^l and HIstorlcaL S vole, crown 8vo. ISt, 

— An Heaav in Aid of a Urammai of A«ent, 7s. 6d, 
verton-s Life in the Bnalish Ohnroh (1B«(I-\711). 8to. 14a. 
ipeniaturaia?ll(rion. Gomplete Edition, S vols, Sro. Sflj. 
ounffhnaband'a The Story of Oor Lord told in Simplo Langusge for Ghiliiren. 
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TRAVELS, ADVENTURES, &c. 
Bakor's B^bt Ycsre in CejloD. Crown Svo. 5j. 
— Eifie and Hound (n Cejlon. Crown 8vo. 61. 

Bditjon, orowa 810, 7i. SiL Popular iditlou, Ad. td. 

— Toyaeo in tlia' Sunbeam.' Llhtfti7Eaitlon,8iro.21i, Cabdiel Bdiaon, 

orawn avo. 7i. Si. Schoal EdlMon, fop. Eto. 3i. Bipolar Edltjon, 

— iHtlieTradeB.tiheTropics), andthe'EoBilngPorties.' Library nation, 



Proode'B Oceana ; or, B 


agiaii 


land her Colon 


es. Crown avo. a-, b 


Howitt'a ViflitB M Ham 


rtab 


e Places. 


Grown 8yo. 7s. fld. 


Wlefa AthtB ; or, The 




Binofth 


Mon 




Time in Norwaj. By 










2i. ed. clotlt. 












WORKS OF FICTION. 




n of) 








Portraits on Steei 








ood. 11 vols, crow 


Oieap BaiMon, 11 










Lothalr. 
SyblL 










Oonlngiby. 








Tanored. 








Virian^Gwy, °' 


TenotiB, 








Bndyialoa. 


Henrietta Temp 










Brabsnmo's (Lord) Fn 


nde and Foga Is 




dcylanii. Grown s™ 


Caddy's (MtB-jThrougti the 


leldBwitl 


Unn£ 


as: aChaplerlnSw 



Oi Hlstc 

Ollkea' Boys and Uaaters. Gi-owu 8to. Si. M. 

Haggatd'e (H. Bidel) She; a History o( Adventure. Omwu Bvo. 6a, 

— — Allan Qaatermain. Illustrated. Crown Svo. 61. 

Haite (Bret) On the Froiiiet. Tbree Stories, ISma. Is. 

— — By Store and, Sa^. Tbraa atoriea. 16mo. Is. 

— — In the CarquinM Woods. Crown 8yo. It boards; Is. ed. clotb, 
Ljall'a (Edna) The Autobiograpby of a Slander. Fop. Is. sewed. 

MelTille'a (Whyle) Novels. 8 vols, fop. 8vo. li. eacb, boards ; li. Sit. eaoh, clotb. 

Dlgby Orand. I Good for Nothing. 

General Bonnce. Hobnbj Honse. 

Katfl Coventry, The latorpretor. 

The aiadlators. I The Queen's Maries. 

Moleswortli's (Mrs.) Marrying and Mvine- to Marriage. Crown Sto. 2s. 6d. 
Novels bj the Anthor of ' The Aleliei- dn Lys ■ : 

The Atelier du Lys ; or, Ah Art, Student In the Belgn of Terror. Crown 
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11 


Vnsa'a ( Jameg) The Luck of tbe DbtkIIs. 


~™~j;„~.«.i 


n;. 


^..^. 


EeEdH'srairj: 


Tinoe F«1I 


w-mj-Lead. 1 


romiBma.. fld. 






- The Ql 




:iii3ha,w;Bnd 


Iher Tales. Fop. 8!o. S 






Bewell's (Mtm) 


Mi-iiaanfl 
entra, S(Ut 




8«.U.eBCh,l«B«i>,; 


i.6d 


elotii; 


Amy Her 
The Earl 

Gerlmde 


e^fUfc?' 


Hsu, 


A Ullmpse of the W 
Esthttniie ishtou. 
Laneton Ptti^imge, 
Margaret PerolvaJ. 


rid. 
Ur 


Hia. 



POETRY AND THE DRAMA, 



rmstroiie^a (133, J.) Poetical Worka. Tc 
— (G. P.> PoeUottl Woi-ks i— 

Poema. Lyrical and Drsnatlc. Vcp-J 

Ugone : a Tragedy. FCp. Sto. fii. 
AGorlandlromGreeoe. Pop. Std.Bs.j 



Bowdler's Family Shalnspeu 
Dante'B Divine Ctotneajr, tian 
Qciethe's FansC, translated by 



gilt edges. 

WagucUn, OrownSvo. 3s. M.'giltBd«e8. 
The B&me, Popular Edltiort, IlliiistTated by SobarF. Ftp. ito. Gd. Bwd.^ Id, ck 
NoBbit's Laya and Legeuda. Cronu 870. &s, 

Eeader'a Yoioee trum Ploweiland, a Birthdsy Book, ii. sa. oloth, Ss. Sd. roan 
BouCbey's Poetloal Works. Medium 3vo. 14i, 
Btevenaon's A Child's Garden of Versea Fop. 8to. 6j. 

AGRECULTURE, HORSES, DOGS AND CATTLE. 

Pltawygtam'a Horses and Stabl™. Bvo. 6 s, 
Lloyd's The Science of Agricnlturf 
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j ObssbI * KflMlier'3 draiJiiflKid Franoh Ttanala 
1 Part n. 6i. Sej to Part I. by ProfeeaDT Oaaa 

! ContBHBeau's PtacClcai Erencli sod XagUsh Diotic 





Fcteis de la L 








AbrteS ic I'B 




de Fi-Mim. 








(98 by C, a 


ik9y,M.A. 


Jcnam'sSc 


teucoa Em Iran 




1 into Fteoi*. Or. a™. 




a MBBlery Seri 






2j. 6j. 








ila, by Stie 






ne to Prcnch P 






















cteea 






Tarver'fl Hton Prenol. GrBm 




ISmo. 8s. & 


li. 



af tfll-a Elementary Geiman Oonrae tor Publio Schools. Fcp. Svo. 

Qermaii Accidence. M. I Oernian Prose Oompoaitfon Book. BA 

OeriEisD Syntajt. flii. First G-ennan E*a^r. 9fJ. 
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